TOPOLOGICAL INVARIANTS AND MODULI SPACES OF 
GORENSTEIN QUASI-HOMOGENEOUS SURFACE 
SINGULARITIES 
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Abstract. We describe all connected components of the space of hyperbolic 
Gorenstein quasi-homogeneous surface singularities. We prove that any con- 
nected component is homeomorphic to a quotient of R'' by a discrete group. 



1. Introduction 

In this paper we study moduli spaces of hyperbolic Gorenstein quasi-homoge- 
neous surface singularities (GQHSS). A normal isolated singularity of dimension n 
is Gorenstein if and only if there is a nowhere vanishing n-form on a punctured 
neighbourhood of the singular point. GQHSS can be spherical, Euclidean or hyper- 
bolic. In this paper we are going to study the largest class, the class of hyperbolic 
GQHSS. See a remark at the end of the paper for more information about the other 
two classes of GQHSS. 

According to work of Dolgachev jDol83b) hyperbolic GQHSS of level m are in 
1-to-l correspondence with m-th roots of tangent bundles of Riemann orbifolds, 
i.e. with (singular) complex line bundles on orbifolds such that their m-th tensor 
power coincides with the tangent bundle. We find conditions for the existence of 
GQHSS of level m with orbifold of given signature. We then consider the space of 
all GQHSS of level m with orbifolds of given signature and genus g 5^ 0. We show 
that the space is connected if g = or if g > 1 and m is odd and that the space has 
2 connected components if g > 1 and m is even. We also determine the number of 
components in the case g = \. Moreover we prove that any connected component 
is homeomorphic to a quotient of R'^ by a discrete group action. 

The main technical tool is the following: We assign (Theorem l5.9|) to a hyperbolic 
GQHSS of level m with corresponding Fuchsian group T a unique function on the 
space of homotopy classes of simple contours on the orbifold P — W/T with values 
in TLjmlj^ the associated m-Arf function. 

The TO-Arf functions are described by simple geometric properties: 

Definition: Let P be a Riemann orbifold and p e P. We denote by 7r"(P, p) the 
set of all non-trivial elements of the orbifold fundamental group 7r(P, p) that can 
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Figure 1: (T{ab) = a{a) + (j{b) — 1 

be represented by simple contours. An m-Arf function is a function 

a : n°{P,p) -> Z/mZ 
satisfying the following conditions 

1. a{bab^^) = cr(a) for any elements a,b € 7r°(P,p), 

2. a{a^^) = — cr(a) for any element a e 7r°(P, p) that is not of order 2, 

3. a{ab) = cr(a) +(j{b) for any elements a and b which can be represented by a pair 
of simple contours in P intersecting in exactly one point p with (a, b) =/= 0, 

4. a{ab) = a{a) + a{b) — 1 for any elements a,b G tt'^{P,p) such that the element ab 
is in TT^ (P, p) and the elements a and 6 can be represented by a pair of simple 
contours in P intersecting in exactly one point p with (a, 6) = and placed in a 
neighbourhood of the point p as shown in Figure [T] 

5. For any elliptic element c of order p we have p ■ <t{c) + 1 = mod m. 

In order to be able to state our main results we need to give some definitions and 
notation. 

Definition: Let F be a Fuchsian group of signature {g : pi, . . . ,pr) and let P = H /F 
be the corresponding orbifold. Let a : 7r'^(P, p) — ^ Z/mZ be an m-Arf function. 
We define the Arf invariant S — S{P, a) of a as follows: If g > 1 and m is even 
then we set (5 = if there is a standard basis {ai, 6i, . . . , a^, bg,Cg+i, ...,€„} of the 
fundamental group 7r(P, p) such that 

a 

^(1 - o-(a,))(l - cr(6,)) = Omod 2 

i=l 

and we set 5 = 1 otherwise. If 5 > 1 and m is odd then we set S = 0. If g = then 
we set (5 = 0. If g = 1 then we set 

6 = gcd(m,pi ~l,...,pr - l,CT(ai),CT(6i)), 

where {ai, 61, C2, . . . , c^+i} is a standard basis of the fundamental group 7r(P,p). 
The type of the m-Arf function (P, a) is the tuple {g^pi, . . . ,Pr,S), where S is the 
Arf invariant of a defined above. 

Definition: We denote by S"'{t) = S"'{g,pi, . . . ,pr, S) the set of ah GQHSS of 
level m and signature {g : pi, . . . ,pr) such that the associated m-Arf function is of 
type t = {g,pi, . . . ,Pr,S). 

The following Theorem summarizes the main results: 
Theorem: 

1) Two hyperbolic GQHSS are in the same connected component of the space of 
all hyperbolic GQHSS if and only if they are of the same type. In other words, 
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the connected components of the space of all hyperbolic GQHSS are those sets 
S"^{t) that are not empty. 
2) The set S'^{t) is not empty if and only \it= {g,pi, . . . ,Pr, S) has the following 
properties: 

(a) The orders pi , . . . , sue prime with m and satisfy the condition 



(b) li g > 1 and ni is odd then S — Q. 

(c) li g — 1 then (5 is a divisor of gcd(m,pi — 1, . . . ,pr — 1). 

(d) If g = then 6 = 0. 

3) Any connected component S"''{t) of the space of all hyperbolic GQHSS of 
level m and signature (g : pi, . . . ,pr) is homeomorphic to a quotient of the 
space ]R6s~6+2r ^ discrete action of a certain subgroup of the modular group 
(see section [Ql for details). 

The paper is organised as follows: In section[2]we explore the connection between 
hyperbolic GQHSS, roots of tangent bundles of orbifolds and lifts of Fuchsian groups 
into the coverings Gm of G = PSL(2, M). In section|3]we study algebraic properties 
of the covering groups Gm ■ We describe a level function induced by a decomposition 
of the covering G„i into sheets and choosing a numeration of the sheets and study 
properties of these functions. In section|4]we study lifts of Fuchsian groups into Gm- 
In sectionOwe define to- Arf functions. We prove that there is a 1-1-correspondence 
between the set of to- Arf functions and the set of functions associated to the lifts 
of Fuchsian groups into Gm via the numeration of the covering sheets. Hence these 
two sets are also in 1-1-correspondence with the set of all hyperbolic GQHSS of 
level TO for a fixed orbifold. Moreover we show in this section using the explicit 
description of the generalised Dehn generators of the group of homotopy classes of 
surface autohomeomorphisms that the set of all m-Arf functions on an orbifold has 
a structure of an afline space. In the last section we find topological invariants of to- 
Arf functions and prove that they describe the connected components of the moduli 
space. Furthermore wc show using a version of Theorem of Fricke and Klein [Nat78j , 
[ZieSlj that any connected component is homeomorphic to a quotient of R*^ by a 
discrete group action. 

Part of this work was done during the stays at Max-Planck-Institute in Bonn and 
at IHES. We are grateful to the both institutions for their hospitality and support. 
We would like to thank E.B. Vinberg and V. Turaev for useful discussions related 
to this work. 

2. GORENSTEIN SINGULARITIES AND LIFTS OF FUCHSIAN GROUPS 

2.1. Singularities and automorphy factors. In this section we recall the results 
of Dolgachev, Milnor, Neumann and Pinkham |Dol75[ iDoTTTl IMil75[ INeu77[ IPin77| 

on the graded afhne coordinate rings, which correspond to quasi- homogeneous sur- 
face singularities. 

Definition 2.1. A (negative unramified) automorphy factor (U,T,L) is a complex 
line bundle L over a simply connected Riemann surface U together with a discrete 
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co-compact subgroup T C Aut(?7) acting compatibly on U and on the line bundle L, 
such that the following two conditions are satisfied: 

1) The action of F is free on L* , the complement of the zero-section in L. 

2) Let r < r be a normal subgroup of finite index, which acts freely on U, and 
let E P be the complex line bundle E = L/T over the compact Riemann 
surface P = U/T. Then E is a. negative line bundle, i.e. the self-intersection 
number E ■ E is negative. 

A simply connected Riemann surface U can be CP"'^, C, or H, the real hyper- 
bolic plane. We call the corresponding automorphy factor and the corresponding 
singularity spherical, Euclidean, resp. hyperbolic. 

Remark. There always exists a normal freely acting subgroup of F of finite in- 
dex jDol83b] . In the hyperbolic case the existence follows from the theorem of 
Fox-Bundgaard-Nielsen. If the second assumption in the last definition holds for 
some normal freely acting subgroup of finite index, then it holds for any such sub- 
group, see jDol83b] . 

The simplest examples of such complex line bundles with group actions are the 
cotangent bundle of the complex projective line [/ = C and the tangent bundle 
of the hyperbolic plane U = M equipped with the canonical action of a subgroup 
F c Aut(C/). 

Let (U, F, L) be a negative unramified automorphy factor. Since the bundle 
E — L/F is negative, one can contract the zero section of E to get a complex 
surface with one isolated singularity corresponding to the zero section. There is 
a canonical action of the group F/F on this surface. The quotient is a complex 
surface X{U,T,L) with an isolated singular point o{U,r,L), which depends only 
on the automorphy factor (U, F, L). 

The following theorem summarizes the results of Dolgachev, Milnor, Neumann, 
and Pinkham: 

Theorem 2.1. The surface X{U,T, L) associated to a negative unramified au- 
tomorphy factor ([/, F,i) is a quasi-homogeneous affine algebraic surface with a 
normal isolated singularity. Its affine coordinate ring is the graded C-algehra of 
generalised T -invariant automorphic forms 

A= ^ H°{U,L-"Y- 

rn^O 

All normal isolated quasi-homogeneous surface singularities {X, x) are obtained in 
this way, and the automorphy factors with {X(U,T, L),o{U,T, L)) isomorphic to 
{X, x) are uniquely determined by {X, x) up to isomorphism. 

We now recall the definition of Gorenstein singularities and the characterization of 
the corresponding automorphy factors. 

A normal isolated singularity of dimension n is Gorenstein if and only if there is 
a nowhere vanishing n-form on a punctured neighbourhood of the singular point. 
For example all isolated singularities of complete intersections are Gorenstein. 

In |Dol83b| Dolgachev proved the following theorem obtained independently by 
W. Neumann (see also |Dol83a) ). 
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Theorem 2.2. A quasi-homogeneous surface singularity is Gorenstein if and only 
if for the corresponding automorphy factor {U, F, L) there is an integer m ( called 
the level or the exponent of the automorphy factor) such that the m-th tensor power 
is T-equvariantly isomorphic to the tangent bundle Tjj of the surface U . 

Let [U, r, L) be an automorphy factor of level m, which corresponds to a Goren- 
stein singularity. The isomorphism L™ = Tjj induces an isomorphism i?™ = Tp. 
A simple computation with Chern numbers shows that the possible values of the 
exponent are m = —1 or to = —2 for [/ = CP^, whereas to = for J7 = C and to 
is a positive integer for ?7 = H. 

2.2. Hyperbolic automorphy factors and lifts of Fuchsian groups. We con- 
sider the universal cover G = PSL(2, R) of the Lie group 

G = PSL(2,M) = SL(2,M)/{±1}, 

the group of orientation-preserving isometrics of the hyperbolic plane. Here our 
model of the hyperbolic plane is the upper half-plane H = {2 e C | Im(z) > 0} 
and the action of an element [(°^)] G PSL(2,R) on H is by 

az -\-h 
z -. 

cz + a 

We denote by [A] = [(°^)] e PSL(2, R) the equivalence class of a matrix A = (°^) G 
SL(2,R). 

As topological space G = PSL(2, R) is homeomorphic to the open solid torus x 
C. The fundamental group of the open solid torus G is infinite cyclic. Therefore, 
for each natural number m there is a unique connected TO-fold covering 

Gm = G/{m ■ Z{G)) 

of G, where G is the universal covering of G and Z{G) is the centre of G. For m ~ 2 
this is the group G2 = SL(2,E). 

Here is another description of the covering groups Gm of G which fixes a group 
structure. Let Hol(H,C*) be the set of all holomorphic functions H — > C*. 

Proposition 2.3. The m-fold covering group Gm of G can be described as 

{{g,S) G G X Hol(H,C*) | S"^{z) = g'{z) for all z G H} 

with multiplication ((?2,<^2) • (<?i,<5i) — (32 ■ gi, {S2 o gi) ■ Si). 

Proof. Let X be the subspace of G x Hol(H,C*) in question. One can check that 
the space X is connected and that the map A — > G given by (7, (5) M- 7 is an 
TO-fold covering of G. Hence the coverings A — ^ G and Gm G are isomorphic. 
One can check that the operation described above defines a group structure on A 
and that the covering map A — > G is a homomorphism with respect to this group 
structure. □ 

Remark. This description of Gm is inspired by the notion of automorphic differential 
forms of fractional degree, introduced by J. Milnor in IMil75| . For a more detailed 
discussion of this fact see |LV80j . section 1.8. 
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A Fuchsian group F C PSL(2,R) acts on the hyperbolic plane H. A hyperbolic 
Gorenstein automorphy factor of level m (associated to the Fuchsian group F) is 
an action of a Fuchsian group F on the trivial complex line bundle H x C over the 
hyperbolic plane H given by 

9- = {9{z).,6g{z) -t), 

where 5g : H — > C* is a holomorphic function, for any 5 G F we have 5™ — g' and 
for any gi, 32 £ F we have 5g^.g^ = {5g^ ° gi) ■ Sg^ . 

Definition 2.2. A lift of the Fuchsian group F into Gm is a subgroup F* of Gm 
such that the restriction of the covering map Gm — G to F* is an isomorphism 
between F* and F. 

Using the description of the m-fold covering group Gm of G in Proposition 12.31 
we obtain the following result: 

Proposition 2.4. There is a 1-1- correspondence between the lifts of F into Gm 
and hyperbolic Gorenstein automorphy factors of level m associated to the Fuchsian 
group F. 

3. Level functions on covering groups of PSL(2,R) 

3.1. Classification of elements in the covering groups of G = PSL(2,R). 
Elements of G can be classified with respect to the fixed point behavior of their 
action on H. An element is called hyperbolic if it has two fixed points, which lie on 
the boundary dM. — M.^ {00} ofH. One of the fixed points of a hyperbolic element 
is attracting, the other fixed point is repelling. The axis £{g) of a hyperbolic 
element g is the geodesic between the fixed points of oriented from the repelling 
fixed point to the attracting fixed point. The element g preserves the geodesic 
£{g). We call a hyperbolic element with attracting fixed point a and repelling fixed 
point /3 positive if a < The shift parameter of a hyperbolic element g is the 
minimal displacement inf^jge d{x,g{x)). An element is called parabolic if it has 
one fixed point, which is on the boundary 9IHI. We call a parabolic element g with 
fixed point a positive if g{x) > x for all x G R\{a}. An element that is neither 
hyperbolic nor parabolic is called elliptic. It has one fixed point that is in H. Given 
a base-point a; G H and a real number 93, let Px{^) G G denote the rotation through 
angle ip counter-clockwise about the point x. Any elliptic element is of the form 
Pj.{lp), where x is the fixed point. Thus we obtain a 27r-periodic homomorphism 
Pj. -.M. G (with respect to the additive structure on R). Elements of G resp. Gm 
can be classified with respect to the fixed point behavior of action on H of their 
image in G. We say that an element of G resp. Gm is hyperbolic, parabolic resp. 
elliptic if its image in G has this property. 

3.2. Central elements in covering groups of G = PSL(2,R). The homomor- 
phism Pj, : R ^ G lifts to a unique homomorphism r^, : M — ;> G into the uni- 
versal covering group. Since pxi^iri) = id for ^ G Z, it follows that the lifted 
element rx{2TT£) belongs to the centre Z{G) of G. Note that the element rx{2TT£) 
depends continuously on x. But the centre of G is discrete, so this element must 
remain constant, thus rx{2TT£) does not depend on x. The centre Z{G) of G is 
equal to the pre-image of the identity element under the projection G ^ G, hence 
Z{G) = {rx{2TT£) I £ G Z}. Let u = rx{2'K) for some (and hence for any) x in H. 
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The element u is one of the two generators of the centre of G since any other ele- 
ment of the centre is of the form rx{27T£) — {rx{2Tr)Y = u^. We would also like to 
point out that for the lift of an elliptic element Px{2tt/p) of finite order p we have 
(r,(27r/p))P = r,(27r) 

3.3. Definition of a level function. Let A be the set of all elliptic elements 
of order 2 in G. Let S be the complement in G of the set A. The space G is 
homeomorphic to the open solid torus §^ x C. In |JN85j Jankins and Neumann give 
an explicit homeomorphism (see |JN85j . Apendix). The image of the set A under 
this homeomorphism is {*} x C. From this description it follows in particular that 
the subset S is simply connected. The pre-image S of the subset S in G consists of 
infinitely many connected components. Each connected component of the subset S 
contains one and only one pre-image of the identity element of G, i.e. one and only 
one element of the centre of G. 

Definition 3.1. If an element of G is contained in the same connected component 
of the set S as the central element u'', k G Z, we say that the element is at the 
level k and set the level function s on this element to be equal to k. For pre-images 
of elliptic elements of order 2 we set s{rx{£,)) — k for ^ = tt + 2TTk. 

Remark. For elliptic elements we have s{rx{£,)) = k ^ e (— tt + 2'Kk, tt + 2nk]. 

Definition 3.2. We define the level function Sm on elements of Gm = G/ {m- Z{G)) 
by Sm{g mod (r7i-Z(G))) — s{g) mod m for g G G. (All equations involving Sm 
are to be understood as equations in Z/mZ, i.e. equations modulo to.) 

Definition 3.3. The canonical lift of an element G in G into G is an element G 
in G such that 7r(G) — C and s(G) — 0. The canonical lift of an element G in G 
into Gm is an element G in G„i such that 7r(G) — G and s,„(G) = 0. 

3.4. Properties of the level function. In this subsection we study the behavior 
of the level function s,„ under inversion (Lemma 13. ip . conjugation fLemma 13. 2p 
and multiplication in some special cases (Lemma 13. 3p . We shall obtain further 
statements about the behavior of the level function under multiplication in Corol- 
lary |4Jl 

In this section we shall repeatedly use the following fact: Connected components 
of the set S are separated from each other by connected components of the set A of 
all pre-images of (elliptic) elements of order 2. If a path 7 in G avoids all pre-images 
of elements of order 2, i.e. avoids A, then it means that the path 7 remains in the 
same component of the set S and therefore the level function s is constant along 7. 

Lemma 3.1. The equation s{A^^) = —s{A) is satisfied for any element A inG with 
exception of pre-images of elliptic elements of order 2. The equation Sm{A~^) = 
—SmiA) is satisfied for any element A in Gm with exception of pre-images of elliptic 
elements of order 2. 

Proof. We shall prove the statement about the level function s on G, the statement 
about the level function Sm on Gm follows immediately. Let A ^ G and let k = s{A), 
then A is in the same connected component of S as u*^. Let 7 be the path in S 
that connects A with u'^. Let the path d be given by d{t) = (7(i))~^- The path S 
connects A~^ with u~'^. The path 7 remains in the same component of S, i.e. it 
avoids pre-images of elliptic elements of order 2. Consequently, the path S also 
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avoids pre-images of elements of order 2, i.e. it remains in the same component 
of S. Thus the element is in the same connected component of S as u~'', i.e. 
s(A-i) = -k = -s{A). □ 

Lemma 3.2. For any elements A and B in G we have s{BAB~^) = s{A). For 
any elements A and B in Gm we have Sm{BAB~^) = Sm{A). 

Proof. We shall prove the statement about the level function s on G, the state- 
ment about the level function Sm on Gm follows immediately. The element B can 
be connected to the unit element in G via a path (3 : I ^ G, where / is some 
closed interval. The path 7 : / — >• (5 given by ^{t) = Pit) - A- {fi(t))~^ connects 
the elements A and B ■ A ■ B~^ . If A is not in A then the same is true for the 
conjugate 7(t) of A, hence the path 7 remains in the same component of the set S. 
Thus s is constant along 7, in particular s{B ■ A- B^^) = s{A). HA is in A then the 
conjugate ^{t) of A is also in A, hence the path 7 remains in the same component 
of the set A. Thus s is constant along 7, in particular s{B ■ A ■ B~^) = s{A). □ 

Lemma 3.3. If the axes of two hyperbolic elements A and B in G intersect then 
s{AB) = s{A) + s{B). If the axes of two hyperbolic elements A and B in Gm 
intersect then Sm{AB) = SmiA) + Sm(,B)- 

Proof. Let £^ resp. ^B be the axes of A resp. B. Let x be the intersection point of 
and (.B- Any hyperbolic transformation with the axis (.a is a product of a rotation 
by TT at some point y ^ x on iA and a rotation by tt at the point x. Similarly any 
hyperbolic transformation with the axis is a product of a rotation by tt at the 
point X and a rotation by tt at some point z ^ x on tg- Hence the product of any 
hyperbolic transformation with the axis Ca and any hyperbolic transformation with 
the axis £5 is a product of a rotation by tt at a point y ^ x on Ia and a rotation 
by TT at a point z 7^ x on ^b, i-e. it is a hyperbolic transformation with an axis 
going through the points y and z. Thus the product of two hyperbolic elements 
with distinct but intersecting axes is always a hyperbolic clement. 

We shall prove the statement about the level function s on G, the statement 
about the level function Sm on Gm follows immediately. Assume without loss of 
generality that the elements A, B G satisfy the conditions s{A) = s{B) = 0. 
We want to show that s{AB) = 0. Let us deform the elements A and B. We 
shall not change the axes but decrease the shift parameters, then the product tends 
to the identity element. On the other hand we have explained that the product 
remains hyperbolic, i.e. stays in S. Therefore the value of s on the product remains 
constant, i.e. s{AB) = s(id) =0. □ 

4. Level functions on lifts of Fuchsian groups 
4.1. Lifting elliptic cyclic subgroups. 

Lemma 4.1. Let T be an elliptic cyclic Fuchsian group of order p. 

1 ) Let us assume that the numbers p and m are relatively prime. Then the lift T* 
of r into Gm exists and is unique. There is a unique element n e Z/ mZ such 
that p-n+1 = Omod m. The liftV* is then determined by the following property: 
If the elliptic element 7 = pxi^i^ jp) is a generator of the group T, then the lift F* 
is generated by the pre-image of j in Gm such that Sm(7) = n. 
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2) Let us assume that the numbers a and m are not relatively prime. Then the 
group r can not be lifted into Gm- 

Proof. Let 7 — Px{2'k/p) be a generator of the group F. To lift F into Gm we 
have to find an element 7 in the pre- image of 7 in Gm such that 7^ = 1. The 
pre-image of 7 in Gm can be described as the coset {u" • r^iflTxIp) | n € Z/mZ}. 
For the element r^ifl-Kjp) we obtain (rj;(27r/p))P — r^ifl-K) — u. Hence for an 
element m" • r^{2-K /p) we obtain 

Therefore (u" • rx{2TT/p))P = 1 if and only if 71 - p-f 1 = Omod m. There exists n S 
Z / mZ with 71 • p + 1 = mod m if and only if the numbers p and m are relatively 
prime. Hence for not relatively prime p and m it is impossible to lift F into Gm- 
For relatively prime p and m there is a unique lift of F into Gm generated by 
u" • rx{2'K Ip) with Smiu"' ■ rx(2n/p)) — n and n ■ p + 1 = Omod ?n. □ 

4.2. Finitely generated Fuchsian groups. In this section we are going to de- 
scribe finitely generated (co-compact) Fuchsian groups using standard sets of gen- 
erators. The following definitions follow jZieSlj : 

Definition 4.1. A Riemann factor surface or Riemann orbifold (P, Q) of signature 

{g;lhjpje :pi,...,p/J 

is a topological surface P of genus g with 1^ holes and Ip punctures and a set Q = 
{{xi,pi), . . . , {xi^,pi^)} of points Xi in P equipped with orders pi such that pi e Z, 
Pi ^ 2 and 7^ Xj for i ^ j. The set Q is called the marking of the Riemann 
factor surface {P,Q). 

Definition 4.2. Let (P, Q — {{xi,pi), . . . , {xi^,pi^)}) be a Riemann factor surface. 
Two curves 70 and 71 which do not pass through exceptional points Xi £ Q are 
called Q-homotopic if 70 can be deformed into 71 by a finite sequence of the following 
processes: 

(a) nomotopic deformations with fixed starting point such that during the defor- 
mation no exceptional point is encountered. 

(b) Omitting a subcurve of 7^ which does not contain the starting point of 7^ and 
is of the form , where 5 is a curve on P which bounds a disk that contains 
exactly one exceptional point Xi in the interior. 

(c) Inserting into 7^ a subcurve which does not contain the starting point of 7^ and 
is of the form (5^^' , where (5 is a curve on P which bounds a disk that contains 
exactly one exceptional point Xi in the interior. 

Two curves 70 and 71 which do not pass through exceptional points Xi ^ Q are 
called freely Q-homotopic if the base point may be moved during the deformations. 

Definition 4.3. Let (P, Q — {(xijPi), . . . , {xi^^pi,.)}) be a Riemann factor surface 
and p e P\Q. Then the set of Q-homotopy classes of curves starting and ending 
in p forms a group. This group is called the Q-fundamental group or the orbifold 
fundamental group and denoted by Tr^{P,p) or 7r(P, p). 

Definition 4.4. Let F be a Fuchsian group. The quotient P = H/F is a surface 
and the projection : H — P is a branched cover. Let Q consist of the branching 
points and the corresponding orders. Then (P, Q) is a factor surface. We say that 
the factor surface (P, Q) is defined by F. 
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Figure 2: Canonical system of curves 

Proposition 4.2. Let T be a Fuchsian group, (P, Q) the corresponding factor sur- 
face and p G P\Q- Then ■n{P,p) = F. 

Definition 4.5. A canonical system of curves on a Ricmann factor surface (P, Q = 
{{xi,pi),...,{xi^,pij}) of signature {g;lhjpje ■ pi,...,p/J is a set of simply 
closed curves based at a point p & P 

{dl, 6l, . . . , ag,bg, Cg+l, . . . , Cg + ;^+/p+;^}, 

where n ^ g + 1^ + Ip + with the following properties: 

1) The contour Ci encloses a hole in P for i = g + 1, . . . , g + //j, a puncture for 
i = g + lh + l, ■ ■ ■ , g + lh + lp and the marking point Xi for i = g + lh + lp + 1, ■ ■ ■ ,n. 

2) Any two curves only intersect at the point p. 

3) In a neighbourhood of the point p, the curves are placed as is shown in Figure [2] 

4) The system of curves cuts the surface P into Ih+lp+h + i connected components 
of which Ip + le are homeomorphic to a disc with a hole, + 1 are discs. The 
last disc has boundary 

aiha^^b^^ . . . dgbgdg^bg^Cg . . . c„. 

If {ai, 6i, . . . , dg, bg, Cg+i, . . . , Cg+j^+jp+i^} Is & cauoiiical system of curves, then we 
call the corresponding set {ai, 6i, . . . , a^, 6g, Cg+i, . . . , Cg+i^+i^+i^} of elements in the 
orbifold fundamental group 7r(P,p) a standard basis or a standard set of generators 

0iTT{P,p). 

Definition 4.6. A sequential set of signature (0; Ih, Ip, le '■ Pi, ■ ■ ■ ,Pic) with lh-\-lp + 
= 3 is a triple of elements (Ci, C2, C3) in G such that the element Ci is hyperbolic 
for i — 1, . . . ,lfi, parabolic for i — 1^ + 1, ■ ■ ■ ,lh + Ip and elliptic of order Pi-if^-i^, 
for z = Z/j + /p + 1, . . . , Zft + /p + = 3, their product is Ci • C2 • C3 = 1, and for some 
element A ^ G the elements {Ci — AC; A~^}i=i.2,3 are positive, have finite fixed 
points and satisfy Ci < C2 < C3. (Figure [3] illustrates the position of the axes of 
the elements Ci for a sequential set of signature (0, 3, 0), i.e. when all elements are 
hyperbolic.) 

Definition 4.7. A sequential set of signature {0;lh,lp,le '■ Pi, ■ ■ ■ ,Pic) is a tu- 
ple of elements {Ci, . . . ,Ci^+i^+iJ in C such that the element Ci is hyperbolic 
for i — 1, . . . ,lh, parabolic for i — It + 1, . . . ,lh + Ip and elliptic of order pi-i^^-i^ 
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£{ACiA~^) £{AC2A-^) iiAC^A-^) 




Figure 3: Axes of a sequential set of signature (0; 3, 0, 0) 

for i ~ Ih + Ip + 1, . ■ ■ ,lh + Ip + le, and for any i G {2, . . . , n — 1} the triple 
(Ci • • • Ci-i,Ci,Ci+i ■ ■ ■ Cn) is a sequential set. 

Definition 4.8. A sequential set of signature {g; Ih, Ip, le ■ Pi, ■ ■ ■ ,Ph) is a tuple of 
elements 

in G such that the elements Ai, . . . , Ag, Bi, . . . , Bg are hyperbolic, the element Cg+i 
is hyperbolic for i = 1, . . . ,1^, parabolic for i = Ih + 1, ■ ■ ■ ,lh + Ip and elliptic of 
order pi-i^^i^ for i ^ Ih + Ip + 1, . . . ,lfi + Ip + le, and the tuple 

{Al,BlA^^B^ . . ,Ag, BgAg^Bg^,Cg+l,. . . , Cg + i,^+ip + iJ 

is a sequential set of signature {0;2g + lh,lp,le ■ Pi, ■ ■ ■ ,Pi^)- 

The relation between sequential sets, standard bases, canonical systems of curves 
and Fuchsian groups was studied in |Nat72j . Details for the case of Fuchsian groups 
with elliptic elements can be found in |Zie81j . We recall here the results: 

Theorem 4.3. Let V be a sequential set of signature {g',lh,lp,le '■ Pi, ■ ■ ■ ,Pic)- 
For i = 1, . . . ,le let Hi Cz M be the fixed point of the corresponding elliptic element 
of order pi in V . Let P = W/T and let : W P be the natural projection. 
Let Q ~ . . . , Then the sequential set V generates a 

Fuchsian group F such that the Riemann factor surface (P = H/F, Q) is of signature 
{g;lh,lp,le '■ Pi, ■ ■ ■ ,Pia)- natural projection ^' : H — >■ P maps the sequential set 

V to a canonical system of curves on the factor surface [P, Q). 

Theorem 4.4. Let T be a Fuchsian group such that the factor surface P = H/F is 
of signature {g;lh,lp,le ■ Pi, ■ ■ ■ ,Pu)- Let p be a point in P which does not belong 
to the marking. Let : H — > P &e the natural projection. Choose q G \E'^^(p) and 
/et $ : F — >■ 7r(P, p) be the induced isomorphism. Let 

V = {ai, 6l, . . . , ag,bg, Cg+l, . . . , c„} 

be a canonical system of curves on P. In this case, 

V = <p-\v) = {$-i(ai), $-1(61), . . . , ^-\ag), <i>~\bg), <f-'{cg+i), $-'(c„)} 

— {^1; ^17 ■ ■ ■ , ^ffl Bg,Cg + l, . . . , C„} 

is a sequential set of signature {g;lh,lp,le ■ Pi, ■ ■ ■ ,Ph)- 
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4.3. Lifting Fuchsian groups of genus 0. 

Lemma 4.5. Let (0; Ih, IpJe '■ Pi, ■ ■ ■ ,Pi^) with + Ip + h = n be the signature 
of the sequential set {Ci, . . . , Cn)- For i = 1, . . . , n let Ci be the canonical lift 

of Ci into G or Gm- Let u be the generator of the centre Z{G) resp. Z{Gm)- The 
element u is given by the element rxi'K) resp. its projection into Gm- Then the 
elements Ci,. . . ,Cn satisfy the following relations: Cf^_^_i = u for i = 1, . . . , Zg 
and 

Ci ••••(7„ = w"-2. 

Proof. Let 11 be the canonical fundamental polygon for the group generated by the 
elements Ci,. . . ,Cn such that the generators Ci can be described as products 

of reflexions (Ti, . . . ,cr„ in the edges of the polygon 11 (suitably numbered). Then 
af = id, and therefore 

Cl---Cn = ((Tl (72) (0-20-3) • • • (0-„_l0-„)(0-„Ol) = id . 

Lifting the elements Ci to their canonical lifts C,; in G. it follows that the prod- 
uct Ci- ■ - Cn belongs to the centre Z{G). As we vary the polygon 11 continuously, 
this central element must also vary continuously. But Z{G) is a discrete group, so 
Ci - ■ - Cn must remain constant. In particular we can shrink the polygon 11 do-wn 
towards a point x. In the course of this continuous deformation of the fundamental 
polygon n the hyperbolic and parabolic elements of the sequential set will become 
elliptic. As we continue shrinking the polygon 11 towards the point x, the angles of 
the polygon tend to the angles /3i, . . . , /3„ of some Euclidean n-sided polygon. Thus 
the element Ci € G tends towards the limit rx{2/3i), while the product Ci- ■ - Cn 
tends towards the product 

r.(2/3i) • • • r,(2/3„) = r,(2ft + • • • + 2/3„). 

Therefore, using the formula 

/3i + • • • + /3n = (n - 2)7r 

for the sum of the angles of a Euclidean n-sided polygon, we see that the constant 
product Ci ■ ■ - Cn must be equal to 

r^(2(n-2)7r) = 

Projecting into Cm we get the corresponding statement in Cm- O 

Lemma 4.6. Let (Ci,...,C„) be an n-tuple of elements in G^ such that their 
images (Ci, . . . ,Cn) inC form a sequential set of signature {Q;lh,lp,le -Pi,--- ,Pie) 
with Ih + Ip + le = n. Then Ci ■ ■ ■ Cn = e if and only if 

SmiCl) + ■■■ + Sm{Cn) = -(n - 2). 

Proof. For i = 1, ... ,n let Ci he the canonical lift of Ci into Gm ■ The elements C, 
can be written in the form 

therefore 

Ci • • • C„ = (Ci • u^-^^i)) ■■■{Cn- u^-^^")) = (Cl • • • Cn) ■ c^-CC^O+'-'+^-CCn). 
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According to Lemma 14.51 the product of the elements Ci is 
hence 

Therefore the product Ci ■ • • C„ is equal to e if and only if the exponent of u in the 
last equation is divisible by m, i.e. if 

Sm(Ci) H h Sm(C„) = -(n - 2) mod m. □ 

Corollary 4.7. Let (Ci, C2, C3) &e an triple of elements in Gm with C1C2C3 = e. 
Let Ci be the image of the element C'i in G. Let (Ci, C2, C3) be a sequential set of 
signature {0;lh,lp,le ■ PIt ■ ■ ,Pic) with Ih + Ip + le = 3. Then 

Sm(Ci ■ C2) = S„(Ci) + Srn{C2) + 1 

if the element C3 is not of order 2 and 

Sm{Cl ■ C2) = -Sm(Ci) - Sm{C2) - 1 

if the element C3 is of order 2. 

Proof. According to Lemma 14.61 the elements Ci satisfy 

Sr,i{Cl) + S,„(C2) + Sjn{Cj,) = -1 mod 771. 

On the other hand C1C2C3 = e implies C1C2 = (^3^^, hence 

Sm{ClC2) = S„,(C3"^) = -S„,(C3) = S,„(Ci) + S,„(C2) + 1 

if the clement C3 is not of order 2 and 

Sm{CiC2) = SmlCg"^) = S„i{Cs.) = -Sm(Cl) - Sm(C2) - 1 

if the element C3 is of order 2. □ 
4.4. Lifting sets of generators of Fuchsian groups. 

Lemma 4.8. Let T be a Fuchsian group of signature (g; Ih, lp,le '■ Pi, ■ ■ ■ tPu) 5677- 
erated by the sequential set V = {Ai, -Bi, . . . , ^g, i?g, C^+i, . . . , where n — 

g + Ih + Ip + le- Let V = {^1, Si, ... , Ag, Bg, Cg+i, . . . , C„} be a set of lifts of the 
elements of the sequential set V into Cm, *-e. the image of Ai, Bi resp. Cj in G is 
Ai, Bi resp. Cj. Then the subgroup T* of Gm generated by V is a lift ofT into Cm 
if and only if 

[Ai,Bi]---[Ag,Bg]-Cg+i---Cn^e, C^;,^_^;^_^i = e for i ^ 1, . . . ,1^- 

Proof. For any choice of the set of lifts V the restriction of the covering map Gm 
G to the group F* generated by y is a homomorphism with image F. If the 
conditions of the lemma hold true, then the group F* satisfies the same relations 
as the group F, hence this homomorphism is injective. □ 

Lemma 4.9. Let 

{Al,Bl, . . . , Ag,Bg, Cg+l, . . . , C„ } 

be a tuple of elements in Cm such that the images 

{^1, -Bl, ■ • ■ , Ag, Bg,Cg+l, . . . , C„ } 
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in G form a sequential set of signature {g; Ih, Ip, le '■ Pi, ■ ■ ■ ,Pi^) with g + lh + lp + le = 
n . Then 

g n n 

Y[[A^,B^]- Y[ Cj=e^ ^ = (2-25)-(n-5)mod m. 

4=1 i=s+i j=g+^ 

(in the case n — g this means 2 — 2g = mod m ) and for any z = 1, . . . , Ze 
'^l+lu+l^+^ ^ Pi- s„r{Cg+i^+i^+.i) + 1 = Omod m. 

Proof. The case 5 = was discussed in Lemma 14.61 We shall now reduce the 
general case to the case 5 = 0. By definition of sequential sets the set 

{Al,BlA^ ^_Bj \ ■ • ■ , Ag,BgAg^Bg^, Cg+i, . . . , Cn) 

is a sequential set of signature (0; 2g + lh,lp,le), hence 

g n g n 

Y[[A,B,]- n C, = YliA-B,A-'Br^)- J] Q ^ e 

i—1 i—g-\-l i—1 i—g-\-l 

if and only if 

g n 
Y,{s^{Ai) + Sm{B,Ar^Br^))+ ^ s^id) = -{2g + {n - g) ~ 2) 

i—1 i—g+1 

= (2 — 2g) — [n ^ g) mod m. 
Invariance of the level function Sm under conjugation (Lemma 13. 2p implies that 

sMAj'Br^) = Sr^{Ar^). 
Since Ai is not an element of order 2, 

Sm{A^ ) = — S„i(Aj), 

and hence SmiBiAl"^ B^"^) = —Sm{Ai) and 

Sm{Ai) + Sm{BiA-;^B-^) = s„,{A,) - S„(A,) = 0. 
The last statement of the lemma follows from Lemma HTT] □ 

Proposition 4.10. Let T be a Fuchsian group of signature {g : pi,...,pr)- Let 

V = {^1, Bi, . . . , Ag, Bg, Cg+i, . . . , €'„} kc fl scquential set that generates T . Then 
there exist lifts ofT into Gm if o,nd only if the signature {g : pi, . . . ,pr) satisfies the 
following liftability conditions: gcd(pi, to) = 1 for z = 1, . . . , r and 



{Pi---Pr)- --(2.g-2) 

p^ 



mod TO. 



Moreover, if the liftability conditions are satisfied then any set of lifts {Ai^Bi\ 
of {Ai^ Bi\ into Gm can be extended in a unique way to a set {Ai^Bi,Cj} of lifts 
of {Ai, Bi, Cj} that generates a lift ofV into Gm, hence there are m^^ different lifts 
of F into Gm ■ 

Proof. Let us first assume that there exists a lift of F into Gm- Let {Ai, Bi, Gj} be 
a set of lifts of V as in Lemmas 14.81 and 14.91 Let Ui = Sm{Cg+i). Then according 
to Lemma 14.91 we have • + 1 = mod m for i = 1, . . . ,r and 



(2.9 - 2) + r + ^ rti = mod 
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The first set of congruences implies that pi is prime with m for i = 1, . . . , r. The 
last congruence implies that 



r 

^ (Pi • • -Pr) ■ m - 2) + r) + V Pl^^ ■ . n.) 

r 

^ • • -p.) • ((2g - 2) + r) + ^ ^i:::^ . (-1) 

= {pi---Pr)- ( (2.9-2) +r-^ i) . 

Now let us assume that the liftability conditions are satisfied. We want to construct 
a lift of r into Gm- Since pi is prime with m, we can choose rii € Z/mZ such that 
Pi ■ Hi + I = mod TO for « = 1, . . . , r. Then 



{Pi---Pr) ■ y{2g-2) + r + Y,rHj 

r 

^ (pi • • -Pr) ■ {{2g -2)+r)+J2 ^^^^ ' M 

t=i P' 

r 

^ bi • • -p.) • ((2g - 2) + r) + 5] ^i:::^ . (-1) 

p^ 

= {pi---pr)- ((2.g-2)+r-^ i ) 
V 7^1 P^J 

Since gcd(pi, to) = 1, the equality (pi ■ • -pr) ■ I (2g — 2) + r + ^ Ui \ = Omod to 



Pi 

= mod TO. 



implies (2g — 2) + r + ^ =0 mod m, i.e. ^ = (2 — 217) — r mod to. Let 

1=1 _ i=i 

y = {Ai, Bi, Cj} be any set of lifts of V such that Sm{Cg+i) = rii for i = 1, . . . , r. 

r 

We have pi ■ iii + 1 = mod m for i = 1 , . . . , r and ^ Ui = (2 — 2g) — r mod m, hence 
according to Lemma HT^ the set V generates a lift of F into Gm- Since Lemma 



does not impose any conditions on the values Sm(^i) and Sm{Bi) for i = 1, ... ,3, 
any of m?^ choices of these 2g values leads to a different lift of F into Gm ■ D 

5. Higher Arf functions 

In |NP09j we introduced the notion of a higher Arf function and used it to 
study moduli spaces of higher spin bundles on Riemann surfaces. In this section we 
will introduce higher Arf functions on orbifolds, and study their connection with 
Gorenstein automorphy factors. 



5.1. Definition of higher Arf functions on orbifolds. In this subsection we will 
define higher Arf functions on orbifolds (compare with subsection 4.1 in |NP09j ). 
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a b 




Figure 4- o'{ab) ~ <T(a) + &{b) + 1 

Let r be a Fuchsian group of signature {g; Ih, lp,le ■ Pii ■ ■ ■ iPu) a-nd P = H/F 
the corresponding orbifold. Let p E P. Let 5* : H — >■ P be the natural projection. 
Choose q e '^^^{p) and let $ : F — > n{P,p) be the induced isomorphism. Let F* 
be a lift of F in Gm ■ 

Definition 5.1. Let us consider a function ar* ■ Tr{P,p) Z/mZ such that the 
following diagram commutes 

F ~ > F* 

7r(P,p) ) Z/mZ 

Lemma 5.1. Let a, (3, and 7 he simple contours in P intersecting pairwise in 
exactly one point p. Let a, b, and c be the corresponding elements ofn(P,p). We 
assume that a, b, and c satisfy the relations a^b,c ^ 1 and abc — 1. Let (•, •) be the 
intersection form on 7r(P,p). Then for a = ar* 

1. If the elements a and b can be represented by a pair of simple contours in P 
intersecting in exactly one point p with (a, b) ^ 0, then a{ab) = (T(a) + (t(6). 

2. If ab is in Tr^{P,p) and the elements a and b can be represented by a pair of simple 
contours in P intersecting in exactly one point p with {a, b) — and placed in a 
neighbourhood of the point p as shown in Figure^ then a{ab) = (T(a) + a(b) + 1 
if the element ab is not of order 2 and a{ab) — — o'(a) — — 1 «/ the element ab 
is of order 2. 

3. if ab is in tt^ (P, p) and the elements a and b can be represented by a pair of simple 
contours in P intersecting in exactly one point p with (a, 6) = and placed in a 
neighbourhood of the point p as shown in Figure\^ then a{ab) — ff{a) + cr{b) — 1. 

4- For any standard basis 

V = {ai, &1, . . . , Og, bg,Cg+l, . . . , C„ ) } 

of 7r(P, p) we have 

n 

(j{ci) = (2 — 2g) — {n — g) mod m. 

5. For any elliptic element Cg+i^^+i^+i, i ^ I, . . . ,1^, we have pi-(7{cg+i,^+i^+i) + l = 
mod m. 

Proof. According to Theorem 14.41 either the set 

y = {$-i(a),$-i(6),$-i(c)} 

or the set 

= {$-1(0-1), $-1(6-1), $-1(0-1)} 
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is sequential. This sequential set can be of signature (0 : *, *, *) or (1 : *). 

• If F is a sequential set of signature (1 : *), then according to Lemma [3^ we 
obtain 

(T{ab) — a{a) + (j{h). 

• If F is a sequential set of signature (0 : *, *, *), then according to Corollary 14.71 
we obtain 

a[ab) = cr{a) + cr{h) + 1 
if the element ah is not of order 2 and 

(T{ab) = —o{a) — aib) — 1 

if the element ah is of order 2. 

• If is a sequential set of signature (0 : *,*,*), then according to Corollary 14. 71 
we obtain, 

a{h-^a-^) = CT(a-i) + a(h-^) + 1 

if the element ah is not of order 2 and 

a(fe-ia-i) = -<7(a-i) - a{h-^) - 1 

if the element ah is of order 2. Therefore for the element ah not of order 2 we 
obtain 

a{ab) = -a{{ab)-^) = -aib'^a-^) 
= -{a{a-^)+a{b-^) + l) 
= -CT(a-i) - 1 

= (7(a) + a{b) - 1 
and for the element ah of order 2 we obtain 

a{ah) = a{{ab)-^) = &{b-^a-'^) 
= -a{a-') - a{b-^) - 1 
= o-(a) + a{h) - 1. 

To prove properties 4 and 5 of (t we apply Lemma 14.91 □ 

We now formalize the properties of the function a in the following definition: 

Definition 5.2. We denote by 7r°(P, p) the set of all non-triyial elements of Tr{P,p) 
that can be represented by simple contours. An m-Arf function is a function 

a : TT°{P,p) Z/toZ 

satisfying the following conditions 

1. a{hah~^) — (j{a) for any elements a, 6 G 7r*'(P,p), 

2. a{a^^) = — cr(a) for any element a £ tt^{P,p) that is not of order 2, 

3. a{ah) — (T{a) + a{h) for any elements a and b which can be represented by a pair 
of simple contours in P intersecting in exactly one point p with (a, b) ^ 0, 

4. (T(a&) = tT(a) +(7(fe) — 1 for any elements a, 6 G tt'^{P,p) such that the element ab 
is in Tr^(P,p) and the elements a and b can be represented by a pair of simple 
contours in P intersecting in exactly one point p with (a, 6) = and placed in a 
neighbourhood of the point p as shown in Figure [1] 

5. For any elliptic element c of order p we have p • a{c) + 1 = mod m. 
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The following property of m-Arf functions follows immediately from Properties |4] 
and [2] in Definition 15.21 

Proposition 5.2. Let a and b be elements ofTr^{P,p) such that the element ab is 
in 7r°(P, p) and the elements a and b can be represented by a pair of simple contours 
in P intersecting in exactly one point p with (a, b) — and placed in a neighbourhood 
of the point p as shown in Figure^ Then the equation a{ab) = cr(a) + a{b) + 1 is 
satisfied if the element ab is not of order 2 and the equation a{ab) — ~G(a)—a{b") — \ 
is satisfied if the element ab is of order 2. 

Lemma 5.3. Let T be a hyperbolic polygon group of signature (0 : pi, . . . ,Pr), 
r > 3. Let ci, . . . , be a standard basis ofT. Then the element C1C2 is not elliptic. 

Proof. Let 11 be the canonical fundamental polygon for the group generated by the 
elements ci , . . . , c„ such that the generators Ci can be described as products Ci — 
aiUi+i of reflexions cti, . . . , cr„ in the edges of the polygon 11 (suitably numbered). 
Then C1C2 = (o'iiT2)(o'2 0'3) — cics- The product of two reflexions cri(T2 is an elliptic 
element if and only if the axes of the reflexions intersect in H. Since r > 3, the sides 
of the polygon 11 that correspond to the reflexions ci and are not next to each 
other. Let us assume that the axes intersect and let Q be the hyperbolic polygon 
enclosed between by the axes and the polygon 11. All angles of the polygon 11 are 
acute. One angle of the polygon Q is the angle between the intersecting axes, two 
angles are larger than 7r/2, all other angles of Q are larger than tt, hence the sum 
of the angles of Q is larger that it should be for a hyperbolic polygon. □ 

Proposition 5.4. For any standard basis 

V = {ai,bi, . . . ,ag,bg,Cg+i, . . . ,Cg+i^+i^+iJ 

o/7r(P, p) we have 

n 

cr{cj) = (2 — 2g) — {Ih + Ip + le) mod m. 

i=9+i 

Proof. We discuss the case g = first, and then we reduce the general case to the 
case g = 0. 

• Let g — 0. We prove that the statement is true for lifts of sequential sets of 
signature (0 : pi, . . . ,pr) by induction on r. 

In the case r — 3 Proposition 15.21 implies 

a-(ciC2) = ct(ci) + cr(c2) + 1 
if the element C1C2 = c^^ is not of order 2 and 

0-(ciC2) = -cr(ci) - cr(c2) - 1 

if the element ciC2 — is of order 2. If the element 
Property [5] implies 

0-(ciC2) = (t{cJ^) = -ct(c3). 

Combining a{ciC2) = cr{ci) + a{c2) + 1 and a{c\C2) ~ 

a(ci) + cr(c2) + a(cz) = -1. 
If the element C3 is of order 2, then 

o-{ciC2) = (J{c^^) = cr(c3). 



C3 is not of order 2, then 



—(7(03), we obtain 
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Combining a(ciC2) = — cr(ci) — (t{c2) — 1 and a{ciC2) — ^(ca), we obtain 

a{ci) + a{c2) + (t{c3) = -1. 



Assume that the statement is true for r ^ k — I and consider the case r = k. 
By our assumption 

ct(ci • C2) + ct(c3) + • • • + CT(cfe) = 2 - (fc - 1) = (2 - k) + 1. 

Moreover, according to Lemma [5731 the element C1C2 cannot be of order 2. Hence 
by Proposition 15.21 we have cr(ciC2) — o'(ci) + (7(02) + 1. The last two equations 
imply that a{ci) + • • • + <j{ck) — 2 ~ k. 
• We now consider the general case. The set 

{ai,bia^^b^^, ...,ag, bgUg^bg'^ , Cg+i, . . . , Cg+r) 

is a standard basis of an orbifold of signature (0 : 2g + lh,lp,le '■ PIt ■ ■ iPic)i hence 

g g+lh+lp+la 

£ {a{a,) + a{b,a-\^)) + ^ <j{c,) 

i—1 i—g-\-l 

= 2-{2g + lh + lp + le) = (2 - 2g) - {h + Ip + Q- 

From Properties [1] and [2] of m-Arf functions we obtain that a{bia^^b^'^) = 
(7(a^^) = ~a{ai) and hence a{ai) + a{bia^^b^^) = 0. 

□ 

Definition 5.3. Let a-p* : tt{P,p) — >■ Z/mZ be the function associated to a lift 
r* as in definition 15.11 then the function err* — ^r* Uo(p,p) is an m-Arf function 
according to Lemma [?7T1 13.11 and 13. 21 We call the function ar* the m-Arf function 
associated to the lift F*. 



5.2. Higher Arf functions and autohomeomorphisms of orbifolds. Let F 

be a Fuchsian group of signature {g : pi, . . . ,pr) and P = H/F the corresponding 
orbifold. Let p G P. Let 5" : H — ^ P be the natural projection. Choose q e ^'^^(p) 
and let $ : F — > 7r'^(P, p) be the induced isomorphism. Let F* be a lift of F in Gm- 

Consider the following transformations of a standard basis: 

V = {ai, 61, . . . , ag,bg, Cg+l,. . . ,c„} 

of TT*^ (P, p) to another standard basis 

V = |ai,6i, . . . ,ag,6g,Cg_^i . . . ,c„} : 
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1. a'l = aibi. 

2. a\ = (aia2)ai(aia2)"\ 

b[ = (aia2)a5^^a^^6i(aia2)~\ 

02 = 01020]^^, 

J,' J, -1 -1 

O2 = 0202 Qi . 

3. < = {b;'Cg + ,)b;\b-^Cg+,)-\ 

4+1 = (Cfe+lCfc)&fe(Cfc+iCfc)"^ 

Here Ci = [a^, &i] for i = 1, . . . , t;, in 4 we consider fc £ {1, . . . , g}, in 5 we consider 
k € {g + 1, . . . ,n} such that ord(cfc) = ord(cfe+i). If a^, &■ resp. c- is not described 
explicitly, this means 0^ = 0^, b'^^ — bi resp. = 

We will call these transformations generalised Dehn twists. Each generalised 
Dehn twists induces a homotopy class of autohomcomorphisms of the orbifold P, 
which maps elliptic fixed points to elliptic fixed points of the same order. The group 
of all homotopy classes of autohomeomorphisms of the orbifold P is generated by the 
homotopy classes of generalised Dehn twists as described above (compare |Zie73) ). 

Now we will compute the values of an Arf function a on the standard basis v' 
from the values of a on the standard basis v for each of the generalised Dehn twists 
described above. 

Lemma 5.5. Let a : Tr'^{P,p) — )■ Z/mZ he an m- Arf function. Let D he a gener- 
alised Dehn twist of the type described above. Suppose that D maps the .standard 
basis 

W = {Ol, 61, . . . , Og, bg, Cg+l, . . . , C„ } 

into the standard basis 

v' = D{v) = {a;,6'i,...,ag,&g,4+i,...,4}. 

Let ai,/3i,7i resp. a[,l3[,^[ be the values of a on the elements of v resp. v' . Then 
for the Dehn twists of types 1-5 we obtain 

1. a[ = ai + (3i. 

2. (3[ = I3i - ai - a2 - 1, = /?2 - "2 - - 1- 

3. a'g = /3'g^ag- -/g+i - 1. 

4. a[ = afc+i, I3l ^ l3k+i, a'^+i = at, /3fe+i = /3fc. 

5- 7fc = 7fc+i, 7fc+i=7fc- 

Proof. We assume that the Dehn twist D belongs to one of the types described 
in the definition above. In the following computations we illustrate the position 
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of the contours on the surface with figures showing the position of the axes of the 
corresponding elements in T. Let 

{Al,Bl, . . . , Ag, Bg, Cg+l, . . . , C „] 

be the sequential set corresponding to the standard basis v. In the first case ac- 
cording to Property [3] of m-Arf functions we obtain 

(j{a'i) = a{aihi) ~ (T{ai) + a{hi). 

In the second case according to Property [T] we obtain 
cr(ai) = (j{{aia2)ai[aia2y^) = o-(ai), 

— (T{ai{a^^a2^bi)a^^) = a{a2^biai^). 

The mutual position of the axes of the elements Aj^^ and BiA^^ is as in Figure [SJ 
hence Property |4] implies 

a{b[) = aia^^ ■ (bia^^)) = aia^^) + a{bia^^) - 1. 

According to Property|3]we have a{biai^) = a{bi) + a{a^^). Thus using Property[2] 
we obtain 

a{b[) = aia^^) + + a{a^^) - 1 = cr(5i) - a-(ai) - (7(02) - 1. 
Similarly we show that cr(a2) — cr(a2) and cr(b'2) = cr(&2) — '^{0-2) — o'(ai) — 1- 
In the third case we obtain according to Properties [2] and [T] 

a{a'g) = a{{b;'cg+^)bg\b;'cg+,)-') = - -aibg), 

'^(b'g) = '^iibg^Cg+lbg)Cgl^bgagbg^{bg^Cg+lbg)-^) = ( Cg+ J 6g flg 6^ ^ ) , 

The mutual position of the axes of the elements Cg_^i and BgAgBg^ is as in FigurelH 
According to Properties H] and [T] we obtain 

(^(b'g) = <^{Cgli ■ (bgagb-^)) = <j{c-l,) + a{bgagb-^) - 1 = a(c;^i) + a{ag) - 1. 

In the forth and fifth case computations are easy, we only use Property [T] of m-Arf 
functions. □ 
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Figure 6: Axes of Cg_li and BgAgBg ^ 

5.3. Correspondence between higher Arf functions and hyperboHc Goren- 
stein automorphy factors. Let F be a Fuchsian group of signature (g : pi, . . . ,pr) 
and P = H/F tire corresponding orbifold. Let p ^ P. Let ^E* : H — P be tire nat- 
ural projection. Choose q S and let <E> : F — >• 7r°(P,p) be the induced 
isomorphism. 

Lemma 5.6. The difference cri — CT2 : Tr'^{P,p) — > Z/mZ of two Arf functions cri 
and (72 induces a linear function i : Hi(P; Z/mZ) — > Z/mZ. 

Proof. The proof is analogous to the proof of the corresponding statement for higher 
Arf functions on Fuchsian groups without torsion (see Lemma 4.5 in |NP09) ). The 
main observation is the fact that according to Lemma 15.51 the action of the gen- 
eralised Dehn twists on the tuples of values of a higher Arf function on elements 
of a standard basis are by affine-linear maps, therefore the action on the tuples of 
differences of values of two higher Arf functions is by linear maps. □ 

Corollary 5.7. The set Arf^'™ of all m- Arf functions on 7r*'(P,p) has a structure 
of an affine space, i.e. the set {a — cjq | ct G Arf is a free module over Z/mZ 
for any ctq £ Arf^'™. 

Corollary 5.8. An m-Arf function is uniquely determined by its values on the 
elements of some standard basis of Ti'^{P,p). 

Theorem 5.9. Let T he a Fuchsian group of signature {g : pi, . . . ,Pr) and P = H/F 
the corresponding orbifold. Let p P. There is a 1-1- correspondence between 

1 ) hyperbolic Gorenstein automorphy factors of level m associated to the Fuchsian 
group F. 

2) lifts o/F into Gm- 

3) m-Arf functions a : 7r'^(P,p) — > Z/mZ. 

Proof. According to Proposition 12.41 there is a 1-1-correspondence between hyper- 
bolic Gorenstein automorphy factors of level m associated to the Fuchsian group F 
and the lifts of F into Gm- In Definition 15.11 we attached to any lift F* of F into 
Gm an m-Arf function ar* on P. On the other hand we can attach to any m-Arf 
function a a subset of Gm 

F; = {g G G™ I 7T{g) e F, = a(<i>(7r(g)))}, 

where tt : Gm G is the covering map. It remains to prove that this subset of Gm 
is actually a lift of F. Let 

V = {ai, 6i, . . . ,ag,bg, Cg+i, . . . ,Cg+r} = {di, ■ • ■ , d2g+r} 
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be a standard basis of Tr{P,p) and let V = {^^^{di), . . . , $^^((i2g+r)} be the cor- 
responding sequential set. Let {Dj}j=i^,,,,2g+r be a lift of the sequential set V, 
i.e. Tr{Dj) = ^~^{dj), such that Sm{Dj) = cr{dj)- Then we obtain according to 
Proposition 15.41 that 

n n 

Sm{Ci) = ^ (7{ci) = (2 - 2g) - {n- g) mod to, 
hence by Lemma 14.91 we obtain 

g n 
i=l i—g+l 

This and the fact that for any i = 1 , . . . , r 

Pi ■ s,„(Cg+j) + l=pi- cr{cg+i) + 1 = Omod to 

imply according to Lemma 14.81 that the subgroup F* of Gm generated by y is a 
lift of F into G„i- Let us compare the corresponding Arf function ar* with the Arf 
function a. Wc have 

ar-idj) = SmiDj) = a{dj) 

for all j i.e. the Arf functions ar* and a coincide on the standard basis v. Thus by 
Lemma [5.61 the Arf functions err* and ct coincide on the whole 7r°(P, p). From the 
definition of cr* and F* we see that this implies that F* = F* , hence F* is indeed 
a lift of F into Gm- It is clear from the definitions that the mappings F* or* 
and (T F* are inverse to each other. □ 

Corollary 5.10. Let P be a Riemann orbifold of signature [g : Let 
V — {oi, 6i, . . . , flg, 6g, Cg+i, . . . , Cg+r} ^6 fl stttudard basis ofT:{P,p). An m-Arf 
function on 7r*'(P, p) exists if and only if the signature {g : pi, . . . ,Pr) satisfies 
the liftability conditions described in Proposition \4-10\ Moreover, if the liftability 
conditions are satisfied then any possible tuple of2g values in li/mZ can be realised 
in a unique way as a set of values on Oi, bi of an m-Arf function on Tr^(P,p), hence 
there are m?^ different m-Arf functions on Tr'^(P,p). 

Proof. The statement follows immediately from Theorem l5.9l and Proposition 14. 101 

□ 



6. Moduli spaces of Gorenstein singularities 

We study the moduli space of Gorenstein quasi-homogeneous surface singularities 
(GQHSS). Using Proposition 12. 4[ we define the moduli space of GQHSS of level to 
as the space of conjugacy classes of subgroups F* in Gm such that the restriction of 
the covering map Gm G ~ PSL(2,M) to F* is an isomorphism between F* and 
a Fuchsian group F. The projection F* i— F from the moduli space of GQHSS of 
level TO to the moduli space of Riemann orbifolds is a finite ramified covering. 
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6.1. Topological classification of higher Arf functions. There is a 1-1-cor- 
respondence (see Theorem 15. 9|) between automorphy factors of level m and to- Arf 
functions on n^{P,p). This correspondence allows us to reduce the problem of 
finding the number of connected components of the moduli space of GQHSS of 
level TO to the problem of finding the number of orbits of the action of the group 
of autohomeomorphisms on the set of to- Arf functions. We describe the orbit of 
an TO- Arf function under the action of the group of homotopy classes of surface 
autohomeomorphisms . 

Let P be a Riemann orbifold of signature (g : pi, . . . ,Pr)- Let p G P. 

Definition 6.1. Let a : 7r°(P, p) —5- Z/toZ be an to- Arf function. We define the 
Arf invariant S — 6{P, a) of a as follows: If g > 1 and to is even then we set (5 = if 
there is a standard basis {oi, 6i, . . . , Ug, bg, Cg+i, . . . , c„} of the fundamental group 
7t{P,p) such that 

g 

^(1 - cr(ai))(l - a{bi)) = Omod 2 

i=l 

and we set (5 = 1 otherwise. If 5 > 1 and to is odd then we set i5 = 0. li g — then 
we set (5 = 0. If 5 = 1 then we set 

S = gcd(TO,pi -l,...,pr - l,cr(ai),cr(&i)), 

where {ai, 61, C2, . . . , c^+i} is a standard basis of the fundamental group 7r(P,p). 

Remark. It is not hard to see that S does not change under the transformations 
described in Lemma 15.51 i.e. it is indeed an invariant of the Arf function. 

Proof. Let D, v, u', ai, Pi, 7^, a[, I3[, 7- be as in Lemma 15.51 Let us first consider 
the case g > 1: For a Dehn twist of type 1 we have 

(l-a'i)(l-/3;) = (l-(ai+/3i))(l-/3i) 

= (1 - ai)(l - h) - /3i(l - /3i) = (1 - ai)(l - mod 2. 

For a Dehn twist of type 2 we have 

[l-a',){l-P[) + {l-a',){l-P',) 

= (1 - ai)(l - ^1 + ai + + 1) + (1 - a2)(l - h + ai + a2 + I) 

= (1 - ai)(l - Pi) + (1 - a2)(l " P2) + (2 - (ai + a2))((ai + az) + 1) 

= (1 - ai)(l - /3i) + (1 - a2)(l - h) mod 2. 

For a Dehn twist of type 3, since to is even and pi ■ 7g+i -I- 1 = Omod to, we have 
that 7g+i is odd. Then 

{l-a'g){\-P'g) = (l + /?,)(l-«g + (7g+i + l)) ^ (l-f /3,)(l-«,) ^ (l-/3g)(l-a,) 
since 7^+1 -I- 1 = Omod 2 and 1 + = 1 — fig mod 2. Dehn twists of type 4 
do not change X]f=i(l ~ ~ '^(^O) since they only permute {ak,l3k) with 

(afe+i, Dehn twists of type 5 do not change Y^l^ii'^ ~ <y[ai)){l — a{bi)) since 
they only permute 7^. 

Let us now consider the case g = 1: Dehn twists of types 2 and 4 involve 
pairs ai,bi and aj,bj, i.e. they are not applicable in the case 5 = 1. Dehn twist of 
type 5 only swaps the orders of two elliptic fixed points, hence it does not change 6. 
For a Dehn twist of type 1 we obtain a[ = ai + Pi and P'l = Pi. Thus 

gcd{a'i,P'i) = gcd(ai + Pi,Pi)^ gcd(ai,/3i) 
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and therefore gcd(m,pi — 1, ... — 1, a[,l3[) — gcd(m,pi — 1, ... — 1, ai, /3i). 
For a Dehn twist of type 3 we obtain a'l — — /3i and /3[ = ai — 72 — 1. Let d be a 
common divisor of m,pi ~ 1, ... ,pr — l,ai, f3i, i.e 

TO = ai = /?! = mod d, pi = ■ ■ ■ = pr = 1 mod d. 

We know that pi • 72 + 1 = mod m, but m = mod d, hence pi • 72 + 1 = mod d. 
Since pi = 1 mod d, we obtain that 72 + 1 = mod d. Hence c? is a common divisor 
ofm,pi — l, . . . ,pr — l,a'i = P'l = ai — (72 + 1). Similarly every common divisor 
of m,pi — 1, ... ^Pr — 1, a'l, P'l is a common divisor of m,pi — 1, . . . — 1, ai, 
Thus 

gcd(TO,pi -l,...,pr- l,a[,l3[) = gcd(m,pi -l,...,pr- l,ai,/3i). □ 

Definition 6.2. By the type of the m-Arf function (P, a) we mean the tuple 

(5, Pi, ■ • • ,Pr,S), 
where 5 is the Arf invariant of a defined above. 

Lemma 6.1. Let a : it'^{P,p) — > TijvriL he an m-Arf function. 

(a) If g > 1 then there is a standard basis v = {oi, 5i, . . . , a^, 5g, Cg+i, . . . , c„} of 
tt{P,p) such that 

(cr(ai),cr(5i), . . .,a{ag),<T{bg)) = (0,^, 1, . . . , 1) 

with ^ e {0, 1}. If m is odd then the basis can be chosen in such a way that 
^ = 1, i.e. so that 

(a(ai), . . . , aiag),<7ibg)) = (0, 1, 1, ■ ■ • , 1) 

(b) If g = 1 then there is a standard basis v — {ai, 61, C2, . . . , c„} o/7r(P,p) such 
that (cr(ai), (t(6i)) = {6,0), where S is the Arf invariant of a. 

Proof. The proof is along the lines of the proofs of Lemma 5.1 and Lemma 5.2 
in |NP09j . Using generalised Dehn twists of types 1,2 and 4 we can show that a 
basis can be chosen in the desired way. The last step in the proof of Lemma 5.1 
in |NP09] was to show that if to is even and a{cg-^i) is even then we can transform 
a basis with 

(a(ai), . . . , a{ag),<j{bg)) = (0, 0, 1, ... , 1) 

into the basis with 

{cr{ai),a{bi),...,a{ag),a{bg)) = (0,1,1,...,!). 

However in the situation we are considering now we know that a{ci) satisfies the 
equation pi ■ cr(ci) + 1 = Omod to. Therefore if to is even then a(ci) must be odd. 
Hence this last reduction step does not apply in the case considered here. □ 

Remark. An autohomeomorphism of a surface P induces an automorphism of the 
lifted Fuchsian group. Let A be the corresponding group of such automorphisms 
of lifts of Fuchsian groups. On the other hand, any autohomeomorphism generates 
an element of Sp(2(7, Z), where g is the genus of P. Lemma |6 . II implies that for two 
autohomeomorphisms the corresponding elements in A differ if the corresponding el- 
ements in Sp{2g, Zm) differ. Thus we obtain a homomorphism f : A ^ Sp(2g, Z^). 
Using generalised Dehn twists of types 1,2 and 4 we can show that / is an epimor- 
phism. Lemma l6 . 1 1 implies that ker(/) = d - T, where T is the group of all parallel 
translations on the affine space of all lifts. Using Dehn twists of types 1-5 and 
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Lemma l6. II we are able to determine the number d. If g > 1 then d = 2 if to is even 
and d = 1 otherwise. If g — 1 then d = gcd{m,pi ~ 1, . . . ,pr ~ 1, a(ai), a(bi)). 

Theorem 6.2. A tuple t — {g,pi, . . . ,Pn^) is the type of a hyperbolic m-Arf func- 
tion on a Riemann orhifold of signature (g : pi, . . . ,pr) if and only if it has the 
following properties: 

(a) The liftability conditions: The orders pi, . . . ^Pr are prime with m and satisfy 
the condition 

{pi ■ ■ -Pr) ■ I ^ (25 — 2) — r j = mod TO. 

\^=l J 

(h) Ifg>l then d e {0,1}. 

(c) If g > 1 and m is odd then 5 — Q. 

(d) If g ~ I then S is a divisor of gcd{m,pi — 1, . . . ,pr — 1). 

(e) lfg = then 6 = 0. 

Proof. Let us first assume that the tuple t is a type of a hyperbolic m-Arf function 
on a orbifold of signature {g : pi, . . . ,pr). Then according to Corollary 15 . 101 the sig- 
nature {g : pi, . . . ,pr) satisfies the liftability conditions. If 17 > 1 and m is odd then 
according to Lemma [6TT] there is a standard basis {ai, 61, ... , Og, 5g, c^+i, . . . , Cg+r} 
of tt" (P, p) such that 

{cr{ai),a{bi),...,a{ag),cr{bg)) = (0,1,1,...,!), 

hence 5{P, ct) = by definition. If g = 1 then (5 is a divisor of m,pi — I, ... ,pr — 1 
by definition. If 5 = then (5 = by definition. 

Now let us assume that t = {g,pi, . . . ,pr, S) satisfies the conditions (a)-(e). Let P 
be a Riemann orbifold of signature (5 : pi, . . . and let 

{ai, 61, . . . ,ag, bg, Cg+l, . . . , Cg + r} 

be a standard basis of tt^{P,p). According to Corollary 15 . 101 any tuple of 2g values 
in Z /toZ can be realised as a set of values on , bi of an to- Arf function on tt" {P,p), 
In particular if 5 > 1 then for any 5 £ {0, 1} there exists an m-Arf function such 
that {(T^{ai),a^{bi), . . . ,a^iag),a^{bg)) = (0, 1 - (5, 1, . . . , 1) and if g = 1 then for 
any divisor S of m,pi — 1, ... ,pr — 1 there exists an m-Arf function cr^ such that 
(a*(ai),a^(6i)) = (J,0). 

Let g > I. If S = then the equation (5((t°) = is satisfied by definition. If S = 1 

and TO is even, it remains to prove that S{a^) = 1. To this end we recall that 
9 

^(1 — a-{ai)){l — (T(6i))mod 2 is preserved under the Dehn twists and hence is 
equal to 1 modulo 2 for any standard basis. 

Now let 5 = 1. Then S{a^) = gcd(m,pi — l,...,pr — 1,5,0) = 5 since S is a divisor 
of gcd(m,pi - l,...,pr - 1). □ 

6.2. Teichmiiller spaces of Fuchsian groups. We recall the results on the mod- 
uli spaces of Fuchsian groups from [Zie81| . 

Let rg;pj_..._p^ be the group generated by the elements 

V = {ai,5l, . . . , Og, 6g,Cg + l, . . . , Cg + r} 
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with defining relations 

f[Kb.] n = c^Vi = --- = <;. = i- 

i—1 i—g-\-l 

We denote by Tg-p-^,,,,^p^ the set of monomorphisms : Tg.p-^^,,,^p^ — Aut(H) such 
that 

^P{v) = {at,bt^...,at,bt.ct+„...,ct+A 
is a sequential set of signature {g;pi, . . . ,Pr)- Here we assume that g > 1. 

The group Aut(H) acts on Tg-p^^,,,^p^ by conjugation. We set 

Tg-^p^^...^p^ = Tg;pj^. Aut(]HI). 

We parametrise the space Tg-p-^^,,,,p^ by the fixed points and shift parameters of 
the elements of the sequential sets tpiv). We use here the following analogue of a 
version |Nat78j . |Nat04j of the Theorem of Fricke and Klein |FK65| : 

Theorem 6.3. The diffeomorphic to an open domain in 

jjj63-6+2r 

which is homeomorphic to M^^^®^^*^. 

For an element "0 '■ ^g;pi,...,pr- ~^ Aut(H) of Tg-p-^^,,,^p^ we write 

Mod"^ = Mod^.p^ p^ = {a e Aut(rg;pi,..._p^) \ ^oa e fg.pi^...,p^}. 

One can show that Mod does not depend on ip, hence we write Mod instead 

of Mod . Let /Mod be the subgroup of all inner automorphisms of Tg-p-^,,,,^p^ and 
let 

Modg;p,,...,p,. = Mod = Mod//Mod. 
We now recall the description of the moduli space of Riemann orbifolds 

Theorem 6.4. The group Mod — Modg;pj^....p,, and the group of homotopy classes 
of orientation preserving autohomeomorphisms of the orhifold of signature [g : 
pi, . . . ^Pr) are naturally isomorphic. The group Modg;pj^...^p^ acts naturally on 
Tg-pj^^...^p^ by diffeomorphisms. This action is discrete. The quotient set 

can be identified naturally with the moduli space Mg-p-^^,,,_p^ of Riemann orbifolds of 
signature {g : pi, . . . ,pr) . 

6.3. Connected components of the moduU space. 

Definition 6.3. We denote by ^'"(t) = S"'{g,pi, . . . ,Pr,S) the set of all GQHSS 
of level m and signature (g : pi, . . . ,pr) such that the associated m-Arf function is 
of type t = ig,pi, . . . ,Pr,S). 

Theorem 6.5. Let t — {g,pi, . . . ,pr,S) be a tuple that satisfies the conditions of 
Theorem \6.2\ i.e. the space S"^{t) is not empty. Then the space S"^{t) is homeomor- 
phic to Tg p^ p / Mod^pj p {t), where Tg p^ p is homeomorphic to TB69~6+2r 

Mod^p^;...;p,xi) a, ' 

Mod 



and Mod™p^ Pr(^) '^'^^^ '"^ "^g;pi,---,Pr '^^ subgroup of finite index in the group 



■*9;pi, 
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Proof. Let us consider an element ip of the space Tg-p-^^,,,^p^. By definition ip is an 
homomorphism ip : rg-p-^^,,,,p^ — > Aut(H). To the homomorphism ip we attach an 
orbifold = M/'ip{Tg-p-^^,,,,p^), a standard basis 

of tt{P^,,p) and an m-Arf function cr^ on this surface given by 
{a^{at),a^{bt))^{S,0) if 5=1, 

(cr^(af ),cr0(6f ),cr.0(a|),crv-(&2)> • ■ ■ 7 cTiA ("g )' ^'A (^g )) 
= (0,1 -,5,1,..., 1) if g>l. 

By Theorem the m-Arf function ct^ on the orbifold corresponds to a lift of 
V'(rg;pi,...,pr) into Gm- The correspondence ip 1-^ S-ip defines a map 

Tg-p^^...^p,. — ?> S""(i). 

According to Theorem 16.21 this map is surjective. Let Mod^^^^ ^^(i) be the sub- 
group of Aut(P^) — Modg;pj_..._p^ that preserves the m-Arf function a^. For 
any point in 5™(i) its pre-image in Tg.p^^^^^^p^ consists of an orbit of the sub- 
group Mod^p^_...^p^(t). Thus 

S"'{t) = Tg.,p,.....pJMod^^p^_p^{t). □ 
Summarizing the results of Theorems 16.21 and 16.51 we obtain the following 



Theorem 6.6. 

1 ) Two hyperbolic GQHSS are in the same connected component of the space of all 
hyperbolic GQHSS if and only if they are of the same type. In other words, the 
connected components of the space of all hyperbolic GQHSS are those sets S™(t) 
that are not empty. 

2) The set S"^{t) is not empty if and only if t — {g,pi, . . . ,Pr, S) has the following 
properties: 

(a) The orders pi, . . . ,pr are prime with m and satisfy the condition 

(Pi • • • Pr) • (25 — 2) — r =0 mod m. 

J 

(b) If g > \ and m is odd then (5 = 0. 

(c) If g = 1 then 5 is a divisor of gcd{m,pi — 1, . . . ,pr — 1). 
(d.) Ifg = then 6^0. 

3) Any connected component S"^{t) of the space of all hyperbolic GQHSS of level m 
and signature (g : pi, . . . ,pr) is homeomorphic to 

R««-6+27Mod™^,...,pJi)7 
where Mod™^^ p^CO O' subgroup of finite index in the group Modg;pj^..._p,, and 
acts discretely on R'^s-e+^r ^ 

Remark. Q-Gorenstein singularities: A normal isolated singularity of dimension 
at least 2 is Q-Gorenstein if there is a natural number r such that the divisor r ■ ICx 
is defined on a punctured neighbourhood of the singular point by a function. Here 
ICx is the canonical divisor of X. According to |Pra07j, hyperbolic Q-Gorenstein 
quasi-homogeneous surface singularities are in 1-to-l correspondence with groups 
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of the form C* x F* , where C* is a hft of a finite cychc group of order r into Gm and 
r* is a hft of a Fuchsian group F into Gm- The hft of a finite cychc group is unique, 
hence hyperbohc Q-Gorenstein quasi-homogeneous surface singularities are are in 
1-to-l correspondence with hft of a Fuchsian group into Gm- Thus the moduh space 
of hyperbohc Q-Gorenstein quasi-homogeneous surface singularities coincides with 
the moduli space of hyperbolic Gorenstein quasi-homogeneous surface singularities 
as described in Theorem 16.61 

Remark. Spherical and Euclidean Automorphy Factors: For a spherical 
Gorenstein automorphy factor (C , F, L) the group of automorphisms is Aut(L/) — 
Aut(CP^) = PSU(2). The discrete (and hence) finite subgroups of PSU(2) are the 
cyclic groups, the dihedral groups and the symmetry groups of the regular poly- 
hedra, i.e. the tetrahedral, octahedral and icosahedral groups. The corresponding 
singularities are Ak, Dk, Eq, Ej, Eg. For a Euchdean Gorenstein automorphy fac- 
tor (C,F,L) the group F is contained in the translation subgroup of Aut(C) and 
can be identified with a sublattice Z ■ 1 + Z • t of the additive group C , where r e C 
and Im(r) > 0, see |Dol83bj . The corresponding singularities are Eq, E7, Es- All 
GQHSS other than Ak, Dk, Eq, £'7, Es, Ee, E7, Eg belong to the class of hyperbolic 
GQHSS, which is studied in this paper. 
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TOPOLOGICAL INVARIANTS AND MODULI SPACES OF 
GORENSTEIN QUASI-HOMOGENEOUS SURFACE 
SINGULARITIES 



SERGEY NATANZON AND ANNA PRATOUSSEVITCH 

Abstract. We describe all connected components of the space of hyperbolic 
Gorenstein quasi-homogeneous surface singularities. We prove that any con- 
nected component is homeomorphic to a quotient of R'' by a discrete group. 



1. Introduction 

In this paper we study moduli spaces of hyperbolic Gorenstein quasi-homoge- 
neous surface singularities (GQHSS). A normal isolated singularity of dimension n 
is Gorenstein if and only if there is a nowhere vanishing n-form on a punctured 
neighbourhood of the singular point. GQHSS can be spherical, Euclidean or hyper- 
bolic. In this paper we are going to study the largest class, the class of hyperbolic 
GQHSS. See a remark at the end of the paper for more information about the other 
two classes of GQHSS. 

A Riemann orbifold is a quotient H/F of the hyperbolic plane H by a Fuch- 
sian group F. According to the work of Dolgachev DoIn.'?!) hyperbolic GQHSS of 
level m are in 1-to-l correspondence with m-th roots of tangent bundles of Riemann 
orbifolds, i.e. with (singular) complex line bundles on Riemann orbifolds such that 
their m-th tensor power coincides with the tangent bundle. We find conditions 
for the existence of GQHSS of level m with orbifolds of given signature. We then 
consider the space of all GQHSS of level m with orbifolds of given signature and 
genus 5 ^5 0. We show that the space is connected if g = or if g > 1 and m is 
odd and that the space has two connected components if g > 1 and m is even. We 
also determine the number of connected components in the case g = 1. Moreover 
we prove that any component is homeomorphic to a quotient of K'^ by a discrete 
group action. 

The main technical tool is the following: We assign (Theorem 15. 9p to a hyper- 
bolic GQHSS of level m with corresponding orbifold P a function on the space of 
homotopy classes of simple contours on P with values in "L/mL, the associated 
higher m-Arf function. 

The higher m-Arf functions are described by simple geometric properties: 
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Definition: Let P he a Riemann orbifold and p G P. We denote by tt'-'{P,p) the 
set of all non-trivial elements of the orbifold fundamental group tt{P,p) that can 
be represented by simple contours. A (higher) m-Arf function is a function 

a : Tr"{P,p) Z/mZ 

satisfying the following conditions 

1. a{bab~^) — (j{a) for any elements a,b G tt'^{P,p), 

2. a{a^^) = —<y{a) for any element a £ tt'^{P,p) that is not of order 2, 

3. a{ab) — cr(a) + a{b) for any elements a and b which can be represented by a pair 
of simple contours in P intersecting in exactly one point p with (a, b) ^ 0, 

4. a{ab) = a{a) +<j{b) — 1 for any elements a, 6 e 7r°(P,p) such that the element ab 
is in 7r°(P, p) and the elements a and b can be represented by a pair of simple 
contours in P intersecting in exactly one point p with (a, b) = and placed in a 
neighbourhood of the point p as shown in Figure [T] 

5. For any elliptic element c of order p we have p ■ cr(c) + 1 = mod m. 

In order to be able to state our main results we need to give some definitions and 
notation. For the detailed discussion of the notion of the signature and standard 
bases of a Fuchsian group see section 14.21 

Definition: Let F be a Fuchsian group of signature (g : pi, . . . ,pr) and let P — 
H/F be the corresponding orbifold. Let a : 7r°(P,p) — >■ Z/mZ be a higher m-Arf 
function. We define the Arf invariant S = S{P, a) of a as follows: If g > 1 and m is 
even then we set 5 = if there is a standard basis {ai, 6i, . . . , ag,bg,Cg+i, . . . , c„} 
of the orbifold fundamental group Tr{P,p) such that 

9 

^(1 - (T(a,))(l - cr(6,)) = Omod 2 

and we set (5 = 1 otherwise. If 5 > 1 and m is odd then we set 5^0. If 17 = then 
we set 6 = 0. li g = 1 then we set 

6 = gcd(TO,pi -l,...,Pr - l,CT(ai),CT(&i)), 

where {ai, 61, C2, . . . , Cr+i} is a standard basis of the orbifold fundamental group 
7r(P,p). The type of the higher m-Arf function (P, cr) is the tuple {g,pi, ■ ■ ■ ,Pr, S), 
where S is the Arf invariant of a defined above. 

Definition: We denote by S'™(t) = S"^{g,pi, . . . ,pr, 6) the set of all GQHSS of 
level m such that the associated higher Arf function is of type t = {g,pi, . . . ,pr,5). 
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The following Theorem summarizes the main results: 
Theorem: 

1) Two hyperbolic GQHSS are in the same connected component of the space of 
all hyperbolic GQHSS if and only if they are of the same type. In other words, 
the connected components of the space of all hyperbolic GQHSS are those sets 
S"^{t) that are not empty. 

2) The set S"''{t) is not empty if and only ii t = {g,pi, . . . ,pr, S) has the following 
properties: 

(a) The orders pi, . . . ,pr are prime with m and satisfy the condition 



(b) If (7 > 1 and m is odd then 5 = 0. 

(c) If g = 1 then (5 is a divisor of gcd(m,pi — \, . . . ,pr — 1). 

(d) If g = then 5 = 0. 

3) Any connected component S™[t) of the space of all hyperbohc GQHSS of 
level m and signature {g : pi, . . . ,pr) is homeomorphic to a quotient of the 
space ]R6c(-6+2r ^ discrete action of a certain subgroup of the modular group 
(see section [6T3l for details). 

The paper is organised as follows: In section[5]we explore the connection between 
hyperbolic GQHSS, roots of tangent bundles of orbifolds and lifts of Fuchsian groups 
into the coverings of G = PSL(2,]R) (sec Definition l2.2p . In scctionOwe study 
algebraic properties of the covering groups G„i. We describe level functions induced 
by a decomposition of the covering Gm into sheets and choosing a numeration of 
the sheets and study properties of these functions. In section |4] we study lifts of 
Fuchsian groups into Gm- In section[5]we define (higher) m-Arf functions. We prove 
that there is a 1-1-correspondence between the set of m-Arf functions and the set 
of functions associated to the lifts of Fuchsian groups into Gm via the numeration 
of the covering sheets. Hence these two sets are also in 1-1-correspondence with 
the set of all hyperbolic GQHSS of level m. Moreover we show using the explicit 
description of the generalised Dehn generators of the group of homotopy classes 
of surface autohomeomorphisms that the set of all m-Arf functions on an orbifold 
has a structure of an afhne space. In the last section we find topological invariants 
of higher Arf functions and prove that they describe the connected components 
of the moduli space. Furthermore wc show using a version of Theorem of Fricke 
and Klein [Nat78| . [ZieSl] that any connected component is homeomorphic to a 
quotient of by a discrete group action. 

Part of this work was done during the stays at Max-Planck-Institutc in Bonn and 
at IHES. We are grateful to the both institutions for their hospitality and support. 
We would like to thank E.B. Vinberg and V. Turaev for useful discussions related 
to this work. 

2. GORENSTEIN SINGULARITIES AND LIFTS OF FUCHSIAN GROUPS 

2.1. Singularities and automorphy factors. In this section we recall the results 



of Dolgachev, Milnor, Neumann and Pinkham |Dol75| IDoITTI IMil75| INeu77| IPin77| 
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on the graded affine coordinate rings, which correspond to quasi-homogeneous sur- 
face singularities. 

Definition 2.1. A negative unramified automorphy factor (C/, r,_L) is a complex 
line bundle L over a simply connected Riemann surface U together with a discrete 
co-compact subgroup T C Aut(C/) acting compatibly on U and on the line bundle L, 
such that the following two conditions are satisfied: 

1) The action of F is free on L* , the complement of the zero-section in L. 

2) Let r < r be a normal subgroup of finite index, which acts freely on U, and 
let i? — s> P be the complex line bundle E = L/T over the compact Riemann 
surface P — U /T. Then E \s a. negative line bundle, i.e. the self-intersection 
number E ■ E \s negative. 

A simply connected Riemann surface U can be CP^, C, or H, the real hyper- 
bolic plane. We call the corresponding automorphy factor and the corresponding 
singularity spherical, Euclidean, resp. hyperbolic. 

Remark. There always exists a normal freely acting subgroup of F of finite in- 
dex jDol83b| . In the hyperbolic case the existence follows from the theorem of 
Fox-Bundgaard-Nielsen. If the second assumption in the last definition holds for 
some normal freely acting subgroup of finite index, then it holds for any such sub- 
group, see |Dol83b| . 

The simplest examples of such complex line bundles with group actions are the 
cotangent bundle of the complex projective line [/ = C and the tangent bundle 
of the hyperbolic plane U = M equipped with the canonical action of a subgroup 
F c Aut([/). 

Let ([/, F,i) be a negative unramified automorphy factor and F a normal sub- 
group of F as above. Since the bundle E = L/T is negative, one can contract 
the zero section of E to get a complex surface with one isolated singularity cor- 
responding to the zero section. There is a canonical action of the group F/F on 
this surface. The quotient is a complex surface X{U, F, L) with an isolated singular 
point o{U, F, L), which depends only on the automorphy factor ([/, F, L). 

The following theorem summarizes the results of Dolgachev, Milnor, Neumann 
and Pinkham: 

Theorem 2.1. The surface X[U,T,L) associated to a negative unramified au- 
tomorphy factor {U, F, L) is a quasi-homogeneous affine algebraic surface with a 
normal isolated singularity. Its affine coordinate ring is the graded C -algebra of 
generalised T -invariant automorphic forms 

A = H°{U,L-"Y- 

All normal isolated quasi-homogeneous surface singularities (X, x) are obtained in 
this way, and the automorphy factors with (X{U,T, L),o{U,T, L)) isomorphic to 
{X, x) are uniquely determined by {X, x) up to isomorphism. 

We now recall the definition of Gorenstein singularities and the characterization of 
the corresponding automorphy factors. 

A normal isolated singularity of dimension n is Gorenstein if and only if there is 
a nowhere vanishing n-form on a punctured neighbourhood of the singular point. 
For example all isolated singularities of complete intersections are Gorenstein. 
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In |Dol83b| Dolgachev proved the following theorem obtained independently by 
W. Neumann (see also |Dol83aj ). 

Theorem 2.2. A quasi-homogeneous surface singularity is Gorenstein if and only 
if for the corresponding automorphy factor {U^T,L) there is an integer m (called 
the level or the exponent of the automorphy factor) such that the m-th tensor power 
is T-equvariantly isomorphic to the tangent bundle Tjj of the surface U . 

Let ([/, r, L) be an automorphy factor of level m, which corresponds to a Goren- 
stein singularity. The isomorphism = Tu induces an isomorphism E"^ = Tp. 
A simple computation with Chern numbers shows that the possible values of the 
exponent are m = —1 or m = —2 for U = CP^, whereas m ~ for U ~ C and m 
is a positive integer for U = M. 

2.2. Hyperbolic automorphy factors and lifts of Fuchsian groups. We con- 
sider the universal cover G ~ PSL(2,]R) of the Lie group 

G ^ PSL(2,M) = SL(2,M)/{±1}, 

the group of orientation-preserving isometrics of the hyperbolic plane. Here our 
model of the hyperbolic plane is the upper half-plane H = {z G C | Iin{z) > 0} 
and the action of an element [("^)] e PSL(2,]R) on H is by 

az + b 
z ^ -. 

cz + a 

As topological space G = PSL(2,K) is homeomorphic to the open solid torus 
§^ X C, its fundamental group is infinite cyclic. Therefore for each natural number 
m there is a unique connected m-fold covering 

G™ = G/im ■ Z{G)) 

of G, where G is the universal covering of G and Z{G) is the centre of G. The 
centre Z(G) of G coincides with the pre-image of the identity element of G under 
the covering map G ^ G. For m — 2 we obtain G2 — SL(2, M). 

Here is another description of the covering groups G™ of G which fixes a group 
structure. Let Hol(H,C*) be the set of all holomorphic functions H — > C*. 

Proposition 2.3. The m-fold covering group Gm of G can be described as 

{(5,5) e G X Hol(H,C*) I (5'"(z) = g'iz) for all z e H} 

with multiplication (g2,52) ■ (sij'^i) — {92 ■ 9i, {S2 • Si). 

Proof. Let X be the subspace of G x Hol(H,C*) in question. One can check that 
the space X is connected and that the map X G given by (7,(5) 7 is an 
m-fold covering of G. Hence the coverings X ^ G and Gm — G are isomorphic. 
One can check that the operation described above defines a group structure on X 
and that the covering map X — G is a homomorphism with respect to this group 
structure. □ 

Remark. This description of Gm is inspired by the notion of automorphic differential 
forms of fractional degree, introduced by J. Milnor in |Mil75) . For a more detailed 
discussion see |LV80) . section 1.8. 
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Definition 2.2. A lift of the Fuchsian group F mto G„i is a subgroup F* of Gm 
such that the restriction of the covering map Gm — > G to F* is an isomorphism 
F* ^ F. 

Using the description of the to- fold covering group Gm of G in Proposition 12.31 
we obtain the following result: 

Proposition 2.4. There is a 1-1- correspondence between the lifts of F into Gm 
and hyperbolic Gorenstein automorphy factors of level to associated to the Fuchsian 
group F. 

Proof. Theorem 12.21 implies that a hyperbolic Gorenstein automorphy factor of 
level to (associated to a Fuchsian group F) is an action of the Fuchsian group F on 
the trivial complex line bundle EI x C over the hyperbolic plane H given by 

9 ■ {z,t) = {g{z),5g{z) ■ t), 
where 5^ : H — ^ C* is a holomorphic function, for any g G F we have 5™ = g' and 
for any (?i,.g2 G F we have (Jga gi — ('^92 ° 9i) ' ^gi- Comparing this description of 
hyperbolic Gorenstein automorphy factors with Proposition 12.31 yields the result. 

□ 

3. Level functions on covering groups of PSL(2,M) 

3.1. Classification of elements in G = PSL(2,R) and its covering groups. 

Elements of G can be classified with respect to the fixed point behavior of their 
action on H. An element is called hyperbolic if it has two fixed points, which lie on 
the boundary dM = MU{oo} ofH. One of the fixed points of a hyperbolic element 
is attracting, the other fixed point is repelling. The axis l{g) of a hyperbolic 
element g is the geodesic between the fixed points of g, oriented from the repelling 
fixed point to the attracting fixed point. The element g preserves the geodesic 
£{g) . We call a hyperbolic element with attracting fixed point a and repelling fixed 
point (3 positive if a < /?. The shift parameter of a hyperbolic element g is the 
minimal displacement inf^jgH d{x, g{x)). An element is called parabolic if it has 
one fixed point, which is on the boundary 9IHI. We call a parabolic element g with 
fixed point a positive if g{x) > x for all x G R\{a}. An element that is neither 
hyperbolic nor parabolic is called elliptic. It has one fixed point that is in H. Given 
a base-point a; G EI and a real number let Px{f) G G denote the rotation through 
angle Lp counter-clockwise about the point x. Any elliptic element is of the form 
Px{^p), where x is the fixed point. Thus we obtain a 27r-periodic homomorphism 
Px '.'S. ^ G (with respect to the additive structure on R). Elements of G resp. Gm 
can be classified with respect to the fixed point behavior of action on M of their 
image in G. We say that an element of G resp. Gm is hyperbolic, parabolic resp. 
elliptic if its image in G has this property. 

3.2. Central elements in covering groups of G = PSL(2,R). The homo- 
morphism : R — )> G lifts to a unique homomorphism j'^. : R — > G into the 
universal covering group. Since pxi^ni) — id for ^ G Z, it follows that the 
lifted element rx{27ri) belongs to the centre Z{G) of G. Note that the element 
rx{2n£) depends continuously on x. But the centre of G is discrete, so this ele- 
ment must remain constant, thus rx{2T:i) does not depend on x. We obtain that 
Z(G) = {rx{2TTi) I i G Z}. Let u — rx{2iT) for some (and hence for any) x in H. 
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The element u is one of the two generators of the centre of G since any other element 
of the centre is of the form Txi^irt) = (rj;(27r))^ — . 

3.3. Definition of a level function. Let A be the set of all elliptic elements 
of order 2 in G. Let S be the complement in G of the set A. The space G is 
homeomorphic to the open solid torus x C. In |JN85) Jankins and Neumann 
give an explicit homeomorphism (see jJN85| . Apendix). The image of the set A 
under this homeomorphism is {*} x C. From this description it follows in particular 
that the subset S is simply connected. The pre-image S of the subset S in G consists 
of infinitely many connected components, each of them is homeomorphic to S. Each 
connected component of the subset S contains one and only one pre-image of the 
identity element of G, i.e. one and only one element of the centre of G. 

Definition 3.1. If an element of G is contained in the same connected component 
of the set S as the central element ^ k G Z, we say that the element is at the 
level k and set the level function s on this element to be equal to k. For pre-images 
of elliptic elements of order 2 we set s{rx{£,)) = fc for ^ = tt + 27rfc. 

Remark. For elliptic elements we have s(r^(^)) = k <;=4' ^ G (— tt + 27rfc, tt + 27rfc]. 

Definition 3.2. We define the level function s„j on elements of G,„ by 

s„j(G mod (m • Z{G))) = s(G) mod m for G G G. 

(All equations involving are to be understood as equations in Z/mZ.) 

Definition 3.3. The canonical lift of an element G in G into G is an element G 
in G such that 7r(G) = G and s(G) — 0. The canonical lift of an element G in G 
into Gm is an element G in G„i such that tt{C) — G and Sm(G) = 0. 

3.4. Properties of the level function. In this subsection we study the behavior 
of the level function Sm under inversion (Lemma 13. ip . conjugation fLemma 13. 2p 
and multiplication in some special cases (Lemma 13. 3p . We shall obtain further 
statements about the behavior of the level function under multiplication in Corol- 
lary |4Jl 

In this section we shall repeatedly use the following fact: Connected components 
of the set S are separated from each other by connected components of the set A of 
all pre-images of (elliptic) elements of order 2. If a path 7 in G avoids all pre-images 
of elements of order 2, i.e. avoids A, then it means that the path 7 remains in the 
same component of the set S and therefore the level function s is constant along 7. 

Lemma 3.1. The equation s(A^^) — —s{A) is satisfied for any element A in G with 
exception of pre-images of elliptic elements of order 2. The equation Sm{A^^) — 
—SmiA) is satisfied for any element A in Gm with exception of pre-images of elliptic 
elements of order 2. 

Proof. We shall prove the statement about the level function s on G, the statement 
about the level function Sm on Gm follows immediately. Let A G G and let k — s{A), 
then A is in the same connected component of S as u^. Let 7 be the path in S 
that connects A with u^. Let the path 6 be given by 6{t) — {'-f{t))~^. The path 5 
connects A^^ with u^''. Since the path 7 remains in the same component of S, 
it avoids A. Consequently, the path S also avoids A, i.e. it remains in the same 
component of S. Thus the element A^^ is in the same connected component of S 
a.s u^'', i.e. s{A^^) = -k ^ -s{A). □ 
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Lemma 3.2. For any elements A and B in G we have s{BAB ^) = s{A). For 
any elements A and B in Gm we have Sm{BAB~^) = Sm{A). 

Proof. We shall prove the statement about the level function s on G, the statement 
about the level function on Gm follows immediately. An element B <E G can 
be connected to the unit element in G via a path j3. The path 7 given by ^{t) = 
/3{t)-A - {I3{t))~^ connects the elements A and B ■ A- B~^ . If A is not in A then any 
conjugate 7(<:) of A is not in A, hence the path 7 remains in the same component 
of the set E. If A is in A then any conjugate 7(t) of A is also in A, hence the path 7 
remains in the same component of the set A. In both cases s is constant along 7, 
in particular s{B ■ A ■ B-'^) = s{A). □ 

Lemma 3.3. // the axes of two hyperbolic elements A and B in G intersect then 
s{AB) = s{A) + s{B). If the axes of two hyperbolic elements A and B in Gm 

intersect then s„i{AB) = s„i{A) + .s„,(i?). 

Proof. Let £a resp. £5 be the axes of A resp. B. Let x be the intersection point of £a 
and £b. Any hyperbolic transformation with the axis £a is a product of a rotation 
by TT at some point y =/= x on £a and a rotation by tt at the point x. Similarly any 
hyperbolic transformation with the axis £5 is a product of a rotation by tt at the 
point X and a rotation by tt at some point z ^ x on Ib- Hence the product of any 
hyperbolic transformation with the axis £a and any hyperbolic transformation with 
the axis £b is a product of a rotation by tt at a point y ^ x on £a and a rotation 
by TT at a point z ^ x on £b, i.e. it is a hyperbolic transformation with an axis 
going through the points y and z. Thus the product of two hyperbolic elements 
with distinct but intersecting axes is always a hyperbolic element. 

We shall prove the statement about the level function s on G, the statement 
about the level function Sm on Gm follows immediately. Assume without loss of 
generality that the elements A, B E G satisfy the conditions s{A) = s{B) — 0. 
We want to show that s{AB) = 0. Let us deform the elements A and B. If we 
are decreasing the shift parameters while keeping the same axes, then the product 
tends to the identity element. On the other hand we have just explained that the 
product remains hyperbolic, i.e. stays in S. Therefore the value of s on the product 
remains constant, i.e. s{AB) = s(id) =0. □ 



4. Level functions on lifts of Fuchsian groups 

4.1. Lifting elliptic cyclic subgroups. A lift of the Fuchsian group F into Gm 
is a subgroup F* of Gm such that the restriction of the covering map Gm — t- G to 
r* is an isomorphism F* — >■ F. In this subsection we shall discuss the lifts of cyclic 
Fuchsian groups generated by an elliptic element. 

Lemma 4.1. Let F he an elliptic cyclic Fuchsian group of order p. The group F is 
generated by an element 7 = Pxi^i^jp) for some a; G H. 

1 ) Let us assume that p and m are relatively prime. Then the lift F* of F into Gm 
exists and is unique. There is a unique element n S Z/mZ such that p-n+1 = 
modulo m. The lift F* is generated by the pre-image j of j = pxi^ir/p) in Gm 
such that Sm{l) = n. 

2) If p and m are not relatively prime, then the group F cannot be lifted into Gm- 
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Proof. To lift r into Gm we have to find an element 7 in the pre-image of 7 
in Gm such that 7^* = 1. The pre-image of 7 in Gm can be described as the coset 
{w" ■ rx{2n/p) I n G Z/mZ}. For the element rx{2n/p) we obtain {r.j;{2n/p)y ~ 
rx{2Tr) = u. Hence for an element u" • rx(2Tr/p) we obtain 

(u" • rxi2n/p)y ^ u'^^Tx{2^/p)Y - vJ'p+\ 

Therefore (u" ■ rx{2'iT/p)Y = 1 if and only if n • p + 1 = Omod m. There exists 
an n G Z /mZ with n • p + 1 = mod m if and only if the numbers p and m are 
relatively prime. Hence for not relatively prime p and m it is impossible to lift F 
into Gm ■ For relatively prime p and m there is a unique lift of F into Gm generated 
by u" • {2tt/p) with n ■ p + I = mod m. □ 

4.2. Finitely generated Fuchsian groups. In this section we are going to de- 
scribe finitely generated (co-compact) Fuchsian groups using standard sets of gen- 
erators. The following definitions follow I ZieSlj : 

Definition 4.1. A Riemann factor surface or Riemann orbifold (P, Q) of signature 

{g;lhjpje :pi,...,p/J 

is a topological surface P of genus g with Ih holes and Ip punctures and a set Q = 
{{xi,pi), . .., {xi^,pi^)} of points Xi in P equipped with orders such that piEl,, 
Pi ^ 2 and Xi ^ Xj for i ^ j. The set Q is called the marking of the Riemann 
orbifold (P,Q). 

Definition 4.2. Let {P, Q ~ {{xi,pi), . . . , {xi^,pi^)}) be a Riemann orbifold. Two 
curves 70 and 71 which do not pass through exceptional points Xi G Q are called 
Q-homotopic if 70 can be deformed into 71 by a finite sequence of the following 
processes: 

(a) nomotopic deformations with fixed starting point such that during the defor- 
mation no exceptional point is encountered. 

(b) Omitting a subcurve of 7^ which does not contain the starting point of 7^ and 
is of the form (5^^' , where (5 is a curve on P which bounds a disk that contains 
exactly one exceptional point xi in the interior. 

(c) Inserting into ji a subcurve which does not contain the starting point of 7^ and 
is of the form S^^^ , where (5 is a curve on P which bounds a disk that contains 
exactly one exceptional point Xi in the interior. 

Two curves 70 and 71 which do not pass through exceptional points Xi Q are 
called freely Q-homotopic if the base point may be moved during the deformations. 

Definition 4.3. Let {P,Q — {{xi,pi), . .. , {xi^,pi^)}) be a Riemann orbifold and 
let p be in P\Q. Then the set of Q-homotopy classes of curves starting and ending 
in p forms a group. This group is called the Q- fundamental group or the orbifold 
fundamental group and denoted by tt'^{P,p) or TT°''^{P,p) or simply tt{P,p). 

Definition 4.4. Let F be a Fuchsian group. The quotient P — M/T is a. surface 
and the projection : H — > P is a branched cover. Let Q consist of the branching 
points and the corresponding orders. Then (P, Q) is a Riemann orbifold. We say 
that the Riemann orbifold (P, Q) is defined by F. 

Proposition 4.2. Let T be a Fuchsian group, {P,Q) the corresponding Riemann 
orbifold and p e P\Q. Then 7r(P,p) = F. 
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Figure 2: Canonical system of curves 

Definition 4.5. A canonical system of curves on a Riemann orbifold (P, Q — 
{{xi,pi),...,{xi^,pij}) of signature {g;lh,lp,le ■ pi,...,pij is a set of simply 
closed curves 

{dl, bl, . . . ,dg,bg, Cg+l, . . . , C„ } 

based at a point p £ P, where n = g + 1^ + Ip + lei with the following properties: 

1) The contour Cg+i encloses a hole in P for i — a puncture for i = 
Ih + I, ■ ■ ■ ,lh + Ip and the marking point Xi for i — lh + lp + l,...,n — g. 

2) Any two curves only intersect at the point p. 

3) In a neighbourhood of the point p, the curves are placed as is shown in Figure [21 

4) The system of curves cuts the surface P into lh +lp+le + ^ connected components 
of which Ip + le are homeomorphic to a disc with a hole, Ih + ^ are discs. The 
last disc has boundary 

dibid^^b^^ . . . dgbgdg^bg^Cg 

If {oi, 6i, . . . , dg, bg, Cg+1, . . . , c„ } Is & canonlcal system of curves, then we call the 
corresponding set {ai, 5i, . . . , Og, &g, Cg+i, . . . , c„} of elements in the orbifold funda- 
mental group tt{P,p) a standard basis or a standard set of generators of 7r(P, p). 

Definition 4.6. A sequential set of signature (0; Z^, Ipi le '■ Pi, ■ ■ ■ iPi^) with lh + lp + 
Ze = 3 is a triple of elements (Ci, C2, C3) in G such that the element Ci is hyperbolic 
for i = 1, . . . , Z/i, parabolic for i = Z^ + 1, . . . , Z^ + Zp and elliptic of order pi-i^-i^ 
for i — lj^ + lp + 1, ... Jf^ + lp-\- 1^ ^ 3, their product is Ci • C2 • C3 = 1, and for some 
element A £ G the elements {C^ = ^Ciyl~^}i=i.2,3 are positive, have finite fixed 
points and satisfy C[ < C'2 < C^. (Figure [3] illustrates the position of the axes of 
the elements C- for a sequential set of signature (0;3,0,0), i.e. when all elements 
are hyperbolic.) 

Definition 4.7. A sequential set of signature (0; Ih, lp,le ■ Pii ■ ■ ■ ,Pi^) is a tuple of 
elements (Ci, . . . , (7;,^+;^+;^) in G such that the element Ci is hyperbolic for i = 
1, . . . ,lh, parabolic for i = Ih + 1, . . . ,1^ + Ip and elliptic of order pi^i^^-i^ for i — 
Ih + Ip + ^1 ■ ■ ■ ,lh + Ip + le, and for any i £ {2, . . . ,lh + Ip + h — ^} the triple 
(Ci • • • G.i-i,Ci,Ci+i ■ ■ ■ Gi^+i^+iJ is a sequential set. 

Definition 4.8. A sequential set of signature {g; Ih, lp,le ■ Pi, ■ ■ ■ ,Pi^) is a tuple of 
elements 

{Al,. . . , Ag, Bl, . . . , i?g, Cg + l, . . . , Cg+l^+l^+lJ 
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Figure 3: Axes of a sequential set of signature (0; 3, 0, 0) 

in G such that the elements Ai, . . . , Ag, Bi, . . . , Bg are hyperbolic, the element Cg+i 
is hyperbolic for i = 1, . . . ,1^, parabolic for i = Ih + 1, . . . ,lfi + Ip and elliptic of 
order Pi-i^-i^, for i = Ih + Ip + I, . . . , Ih + Ip + 1^, and the tuple 

{Al,BlA^^B^^, ...,Ag, BgAg^Bg^,Cg+l,. . . , Cg + i,^+i^ + iJ 

is a sequential set of signature (0; 2g + Ih, lp,le ■ Pi, ■ ■ ■ ,Ph)- 

The relation between sequential sets, standard bases, canonical systems of curves 
and Fuchsian groups was studied in [Nat 72) . Details for the case of Fuchsian groups 
with elliptic elements can be found in |Zie81j . We recall here the results: 

Theorem 4.3. Let V be a sequential set of signature {g\lh,lp,le '■ PIt ■ ■ iPi^)- 
For i — I, . . . ,le let Hi Cz M be the fixed point of the corresponding elliptic element 
of order pi in V . Let P — M/T and Zei \E' : H — )■ P 6e the natural projection. 
Let Q = {(\E'(j/i),pi), . . . , Then the sequential set V generates a 

Fuchsian group F such that the Riemann factor surface (P = H/F, Q) is of signature 
(g; Ifi, Ip, le ■ Pi, ■ ■ ■ ,Ph)- The natural projection ^' : IH — >■ P maps the sequential set 

V to a canonical system of curves on the factor surface (P, Q). 

Theorem 4.4. Let T be a Fuchsian group such that the factor surface P = H/F 
is of signature [g; Ih, lp,le '■ Pi, ■ ■ ■ ,Pi^) with 1^ + Ip + le = n. Let p be a point in P 
which does not belong to the marking. Let ^' : M ^ P 6e the natural projection. 
Choose q G and Zei $ : F — > ir^P^p) be the induced isomorphism. Let 

V = {ai, 6l, . . . , ag,hg, Cg+l, . . . , c„} 

be a canonical system of curves on P , then 

V = ^-\v) = {$-i(ai), $-1(61), . . . , $-1(5^), $-i(c,+i), . . . , $-i(c„)} 
is a sequential set of signature {g; lh,lp,le '■ Pi, ■ ■ ■ ,PiS}- 

4.3. Lifting Fuchsian groups of genus 0. 

Lemma 4.5. Let (0; Ih, Ip, le ■ Pi, ■ ■ ■ ,PiS) Ih + Ip + le = n be the signature of 
the sequential set (Ci, . . . , C„). For i = I, . . . ,n let Ci be the canonical lift of Ci 
into G resp. Gm- Let u be the generator of the centre Z{G) resp. Z{Gm)- The 
element u is given by the element rxiir) resp. its projection into Gm- Then the 
elements Ci, . . . , C„ satisfy the following relations: Cf^j^^ +i = ^ Z*"" * = 1, • • • , 
and 
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Proof. A canonical lift Ci^^+i^+i of an elliptic element C/^+i^+i is of the form 
rx{2iT/pi) for some x. Hence C'['j_|_j^_^- = {rx{2n/pi))P^ = rj;{2n) = u. We will 
now use a geometric approach by Milnor |Mil75) . Let 11 be the canonical funda- 
mental polygon for the group generated by the elements Ci, . . . ,Cn such that the 
generators Ci can be described as products Ci — UiGi+i of reflexions cti, . . . ,ct„ in 
the edges of the polygon 11 (suitably numbered). Then af — id, and therefore 

Ci---Cn^ (0-lCr2)(0-2CT3) ' ' ' (cr„_i(T„)((T„0-i) = id. 

Lifting the elements Ci to their canonical lifts Ci in G, it follows that the prod- 
uct Ci - ■ ■ Cn belongs to the centre Z{G). As we vary the polygon H continuously, 
this central element must also vary continuously. But Z{G) is a discrete group, so 
Ci ■ ■ ■ Cn must remain constant. In particular we can shrink the polygon H down 
towards a point x. In the course of this continuous deformation of the fundamental 
polygon n the hyperbolic and parabolic elements of the sequential set will become 
elliptic. As we continue shrinking the polygon 11 towards the point x, the angles of 
the polygon tend to the angles /3i, . . . , /3„ of some Euclidean n-sided polygon. Thus 
the element Ci & G tends towards the limit Txi'iPi), while the product Ci - ■ - Cn 
tends towards the product 

r,(2/3i) • • • r,(2/3„) = r,(2/3i + ■■■ + 2/3„). 

Therefore, using the formula /?i -f • • • + /3„ = (rt — 2)ii for the sum of the angles of 
a Euclidean n-sided polygon, we see that the constant product Ci • ■ • C„ must be 
equal to 

r,(2(n-2)^) 

Thus C'/^^'+fp+j ^ " ^^'^ C\ - ■ - Cn — m"^^. Projecting into Gm we get the corre- 
sponding statement in Cm- D 

Lemma 4.6. Let (Ci, . . . , Cn) be an n-tuple of elements in Cm such that their 
images (Gi, . . . , G„) in G form a sequential set of signature (0; Ih, lp,le ■ Pi, ■ ■ ■ iPiS) 
with Ifi + Ip + le — n. Then Gi • • • G„ = e if and only if 

Sm(Gi) H h s„i(G„) = -{n - 2) mod to. 

Proof. For i = 1, . . . , n let Gi be the canonical lift of Ci into C,n- The elements Ci 
can be written in the form Ci = Ci ■ therefore 

Gi • • • G„ = (Gi • • • G„) • u-™(Ci)+-+^..(c„)^ 

Using Lemma[43]we obtain Gi • ■ • G„ = u"-2+s™(Ci)+- +s„,(c„). The product Gi • ■ • G„ 
is equal to e if and only if the exponent of u in the last equation is divisible by to, 
i.e. if 

Sm(Gi)-| h Sm(G„) EE -(n - 2) mod TO. □ 

Corollary 4.7. Let (Gi, G2, G3) be a triple of elements in Cm with Gi •G2 -Gs = e. 

Let Ci be the image of the element Ci in G. Let (Gi, G2, G3) be a sequential set of 
signature {0;lh,lp,le ■ Pi, ■ ■ ■ tPi^) with Ih + Ip + le — S. Then 

Sm(Gi • G2) = Sm(Gi) -|- Sm(G2) + 1 */ the element G3 is not of order 2, 
Sm(Gi • G2) = — s„i(Gi) — s„i(G2) — I if the element G3 is of order 2. 
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Proof. According to Lemma 14.61 the elements Ci satisfy 

Sm(Ci) + s,„(C2) + SjniCs) EE -1 mod m. 
On the other hand C1C2C3 e imphes C1C2 = C^^ , hence 

Sm{ClC2) = S„i{C^^) = -SmiCs) = Sm(Cl) + Sm(C2) + 1 

if the element C3 is not of order 2 and 

S„(ClC2) - = S,n{C3) = -S,„(Cl) - S™(C2) " 1 

if the element C3 is of order 2. □ 
4.4. Lifting sets of generators of Fuchsian groups. 

Lemma 4.8. Let T be a Fuchsian group of signature {g\ Ih, lp,le '■ Pi, ■ ■ ■ ,Pic) 9^^~ 
erated by the sequential set V = {Ai, Bi, . . . , Ag, Bg,Cg-^-i, . . . ,Cn}, where n = 
9 + Ih + Ip + le- Let V — {Ai, Bi, . . . , Ag, Bg, Cg+i, . . . , Cn} be a set of lifts of the 
elements of the sequential set V into Gm, *-e- the image of Ai, Bi resp. Cj in G is 
Ai, Bi resp. Gj. Then the subgroup T* of Gm generated by V is a lift ofT into Gm 
if and only if 

[Ai,Bi]---[Ag,Bg]-Cg+i---Cn^e, C^+i^+i^+i^e for i ^ I, . . . ,1^. 

Proof. For any choice of the set of lifts V the restriction of the covering map G,„ — > 
G to the group F* generated by is a homomorphism with image F. If the 
conditions of the lemma hold true, then the group F* satisfies the same relations 
as the group F, hence this homomorphism is injective. □ 

Lemma 4.9. Let {Ai, Bi, . . . , Ag, Bg, Cg+i, . . . , Cn} be a tuple of elements in Gm 
such that the images {Ai, Bi, . . . , Ag, Bg, C^+i, . . . , C„} in G form a sequential set 
of signature {g; Ih, lp,le ■ Pii ■ ■ ■ ,Pi^) with g + 1^ + Ip + le = n. Then 

g n n 

l[[A„B,]- H Cj=e^ s„,(C,) = (2-25)-(n-5)modm. 

i=i j=g+i j=g+i 

( in the case n — g this means 2 — 2g = Q mod m ) and for any i — 1, . . . ,1^ 
C^;,^+,^+, = e Pi- SmiCg+i^+i^+i) + 1 = Omod m. 

Proof. The case g — was discussed in Lemma 14.61 We shall now reduce the 
general case to the case g — 0. By definition of sequential sets the set 

{Al,BlA^ ^B^ ^, . . . , Ag,BgAg^Bg ^, Cg+i, . . . , Cn) 

is a sequential set of signature (0; 2g + Ih, Ip, le), hence 

g n g n 

Y[[A,B,]- n a = Y[iA-B,A-'Br^)- Yl Q^e 

i—l i—g+l i—1 i—g+l 

if and only if 

s n 
J2MA,) + sMA-'B-'))+ J2 SmiG,) = -i2g+in-g)-2) 

i—1 i—g+1 

= (2 — 2g) — (n — g) mod m. 
Invariance of the level function s,„ under conjugation (Lemma 13. 2p implies that 

SmiB.Ar^Br^) = SnMi')- 
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Since Ai is not an element of order 2, Sm(^i ^) = —Sm{Ai), and hence 

s^{A,) + SrniBiAr^B-^) = s,„(A,) - s„,{A,) = 0. 
The last statement of the lemma follows from Lemma HTT] □ 

Proposition 4.10. Let T be a Fuchsian group of signature {g : pi,...,pr)- Let 

V = {^1, Bi, ■ . ■ , Ag, Bg, C'g^i, . . . , C n} ^6 fl sequeTitiol set that generates T . Then 
there exist lifts ofT into if md only if the signature {g : pi, . . . ,Pr) satisfies the 
following liftability conditions: gcd(pi, m) = 1 for i = 1, . . . , r and 



(2g — 2) — r = Omodm. 



Moreover, if the liftability conditions are satisfied then any set of lifts {Ai^Bi\ 
of {Ai, Bi} into Gm can be extended in a unique way to a set {Ai,Bi,Cj} of lifts 
of {Ai, Bi, Cj} that generates a lift ofV into Gm, hence there are m^^ different lifts 
of r into Gm ■ 

Proof. In this proof all congruences will be modulo m. Let us first assume that there 
exists a lift of F into Gm- Let {Ai, Bi, Gj} be a set of lifts of V as in Lemmas 14.81 
and 14.91 Let = Sm(Cg+i). Then according to Lemma 14.91 we have pi ■ Ui + 1 = 
for i — 1 , . . . , r and 

r 

{2g - 2) + r + ^ = 0. 

i=l 

The congruence pi ■ Ui + 1 = implies that pi is prime with m for i — 1, . . . ,r. 
Furthermore, since 

[Pi ■■■pr) ■ni = (J)i ■ Ui) = (-1) = -(pi ■■■Prj ■ —, 

Pi Pi Pi 

we obtain that 



0. 



{pi • ■ -p.) • ^ - (2g - 2) - = -{pi . . . p,) . (^^n, + {2g - 2) + r 

Now let us assume that the liftability conditions are satisfied. We want to construct 
a lift of F into Gm- Since Pi is prime with m, we can choose e Z/mZ such that 
Pi ■ + 1 = for i = 1, . . . , r. Then 

(pi ■ ■ -Pr) ■ Ui EE -(pi ■ ■ -Pr) ■ — 

Pi 

and hence 

(Pi ■■■Pr) - ^(25 - 2) + r + ^ n,^ = (pi ■ ■ ■ pr) ■ {^2g - 2) + r - ^ 1^ = 0. 

r 

Since pi - ■ - pr is prime with m, we conclude that (2g ~ 2) + r + Ui = 0, 

i=l 

r _ 

i.e. ^ rij = (2 — 2g) — r. Let V ~ {Ai,Bi,Cj} be any set of lifts of V such 

i=l 

that Sm{Cgj^i) = Ui for i = 1, . . . , r. We have p^ • + 1 = for i = 1, . . . ,r and 

r 

^ Ui = {2 — 2g) — r, hence according to Lemma l4!9l the set V generates a lift of F 
1=1 

into Gm- Since Lemma 14.91 does not impose any conditions on the values Sm^Ai) 



MODULI SPACES OF GORENSTEIN SINGULARITIES 



15 



a b 




Figure 4- cT{ab) = o'(a) + &{b) + 1 

and Sm{Bi) for « = 1, . . . , 5, any of m?^ choices of these 2g values leads to a different 
lift of r into G™. □ 

5. Higher Arf functions 

In |NP09| we introduced the notion of a higher Arf function and used it to 
study moduli spaces of higher spin bundles on Riemann surfaces. In this section we 
will introduce higher Arf functions on orbifolds, and study their connection with 
Gorenstein automorphy factors. 

5.1. Definition of iiigiier Arf functions on orbifolds. In this subsection we will 
define higher Arf functions on orbifolds (compare with subsection 4.1 in |NP09j ). 

Let r be a Fuchsian group of signature (g; Ih, lp,le ■ Pi, ■ ■ ■ iPi^) E^nd P = H/F 
the corresponding orbifold. Let p ^ P. Let ^E* : H ^ P be the natural projection. 
Choose q S \E'~^(j5) and let $ : F — > Tr{P,p) be the induced isomorphism. Let F* 
be a lift of F in Gm ■ 

Definition 5.1. Let us consider a function ar* ■ Tr{P,p) Z/mZ such that the 
following diagram commutes 

F ~ > F* 

7r(P,p) ) Z/mZ 

Lemma 5.1. Let a, /3 and 7 be simple contours in P intersecting pairwise in 
exactly one point p. Let a, b and c be the corresponding elements of n{P,p). We 
assume that a, b and c satisfy the relations a,b,c ^ 1 and abc — 1. Let (•, •) be the 
intersection form on 7r(P, p). Then for a = ar* 

L If the elements a and b can be represented by a pair of simple contours in P 
intersecting in exactly one point p with (a, b) then a{ab) — (T(a) + cr{b"). 

2. If ab is in i:^{P,p) and the elements a and b can be represented by a pair of simple 
contours in P intersecting in exactly one point p with (a, b) — and placed in a 
neighbourhood of the point p as shown in Figure^ then a{ab) = (^(a) + a(b) + 1 
if the element ab is not of order 2 and a{ab) ~ — o'(a) — (t(&) — 1 if the element ab 
is of order 2 . 

3. If ab is in ir^i^P^p) and the elements a and b can be represented by a pair of simple 
contours in P intersecting in exactly one point p with {a, b) = and placed in a 
neighbourhood of the point p as shown in Figure{^ then a{ab) = ff{a) + (t(6) — 1. 

4- For any standard basis 

V = {ai,bl, . . . ,ag, bg, Cg + l, . . . , c„} 
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of i:{P,p) we have 

n 

(T{ci) = (2 — 2g) — [n — g) mod m. 

i=g+l 

5. For any elliptic element Cg+i^+i^+i, i ^ I, . . . ,le, we have pi-a{cg+i^+i^+i) + l = 
mod m. 

Proof. According to Theorem 14.41 either the set 

T/-{$-i(a),<I)-i(6),$-i(c)} 

or the set 

F-i-{$-i(a-i), $-1(6-1), <i>-i(c-i)} 
is sequential. This sequential set can be of signature (0 : *, *, *) or (1 : *). 

• If y is a sequential set of signature (1 : *), then according to Lemma [3.31 we 
obtain 

a{ab) — (T(a) + 

• If 1/ is a sequential set of signature (0 : *, *, *), then according to Corollary 14.71 
we obtain 

a{ab) = a{a) + a{b) + 1 if a6 is not of order 2, 
a{ah) = —^{a) — a{b) — 1 if a6 is of order 2. 

• If is a sequential set of signature (0 : *,*,*), then according to Corollary 14. 71 
we obtain, 

<T(6-ia"i) = a-(a"i) + cr{b''^) + 1 if a& is not of order 2, 

(T(6-ia-i) = -<T(a-i) - <7(6-i) - 1 if a6 is of order 2. 

Therefore for the element ab not of order 2 we obtain 

cT{ab) = -a((a6)-i) = -a{b-^a-^) = -(a(a-i) + a{b-^) + 1) 

= -(T(a-i) - ct(6-1) - 1 = cr{a) + cr{b) - 1 

and for the element ab of order 2 we obtain 

a{ab) = a{{ab)-^) ^ &(b-^a-^) = -a{a-^) - a{b-^) - 1 = a{a) + a{b) ~ 1. 

To proye properties 4 and 5 of (t we apply Lemma 14.91 □ 

We now formalize the properties of the function a in the following definition: 

Definition 5.2. We denote by 7r"(P, p) the set of all non-triyial elements of Tr{P,p) 
that can be represented by simple contours. An m-Arf function is a function 

a : TT°{P,p) Z/toZ 

satisfying the following conditions 

1. cr(6a6-i) — a{a) for any elements a,b E 7r"(P,p), 

2. cr(a-i) — —cr{a) for any element a G ■K^{P,p) that is not of order 2, 

3. a{ab) = cr{a) + a{b) for any elements a and b which can be represented by a pair 
of simple contours in P intersecting in exactly one point p with (a, 6) ^ 0, 

4. a{ab) — a{a) + a{b) — 1 for any elements a, 6 G tt^{P,p) such that the element ab 
is in 7r°(P, p) and the elements a and 6 can be represented by a pair of simple 
contours in P intersecting in exactly one point p with (a, 6) =0 and placed in a 
neighbourhood of the point p as shown in Figure [T] 
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5. For any elliptic element c of order p we have p ■ cr(c) + 1 = mod m. 

The following property of m-Arf functions follows immediately from Properties |4] 
and [2] in Definition 15.21 

Proposition 5.2. Let a and b be elements of tt^{P,p) such that the element ab 
is in 7r°(P, p) and the elements a and b can be represented by a pair of simple 
contours in P intersecting in exactly one point p with (a, 6) = and placed in a 
neighbourhood of the point p as shown in Figure Then 

c{ciC2) — cr(ci) + cr(c2) + 1 if ciC2 — cj^ is not of order 2, 

ct(ciC2) — — cr(ci) — o'(c2) — 1 if ciC2 — c^^ IS of Order 2. 

Lemma 5.3. Let T be a hyperbolic polygon group of signature (0 : pi,...,pr), 
r > 3. Let {ci,...,Cr} be a standard basis ofT. Then the element ciC2 is not 
elliptic. 

Proof. Let 11 be the canonical fundamental polygon for the group generated by the 
elements ci , . . . , such that the generators Ci can be described as products Ci = 
(Ti(Ti_|_i of reflexions cri, . . . ,ar in the edges of the polygon 11 (suitably numbered). 
Then ciC2 = {o'ia2){<J20'3) — cticts. The product of two reflexions dicra is an elliptic 
element if and only if the axes of the reflexions intersect in H. Since r > 3, the sides 
of the polygon 11 that correspond to the reflexions cri and as are not next to each 
other. Let us assume that the axes intersect and let Q be the hyperbolic polygon 
enclosed between by the axes and the polygon H. All angles of the polygon H are 
acute. One angle of the polygon Q is the angle between the intersecting axes, two 
angles are larger than 7r/2, all other angles of Q are larger than n, hence the sum 
of the angles of Q is larger that it should be for a hyperbolic polygon. □ 

Proposition 5.4. For any standard basis v — {oi, 6i, . . . , a^, 6g, Cg+i, . . . , c„} of 
7r(P, p) with n = g + Ih + Ip + le we have 

n 

a{cj) = (2 — 2g) — {n — g) mod m. 

Proof. We discuss the case 5 = flrst, and then we reduce the general case to the 
case 5 = 0. 

• Let g = 0. We prove that the statement is true for lifts of sequential sets of 
signature (0 : pi, . . . ,pr) by induction on r. In the case r = 3 Proposition 15.21 
implies 

o'(ciC2) = o'(ci) + (7(02) + 1 if C1C2 = Cg"^ is not of order 2, 

o'(ciC2) = — (t(ci) — (7(02) — 1 if C1C2 = c^^ is of order 2. 

If the element C3 is not of order 2, then Property [2] of m-Arf functions implies 
cr{ciC2) = cr{c^^) = —a{c3). Combining a{c\C2) = cr(ci)+a(c2) + l and a(ciC2) = 
— cr(c3), we obtain 

(t(ci) + a{c2) + (t(c3) = -1. 

If the element C3 is of order 2, then a{ciC2) = a{c'^^) — u[cy,). Combin- 
ing a{c\C2) = —a{ci) — <j{c2) — 1 and (7(0102) = (7(03), we obtain 

t7(ci) -I- (7(02) + (7(03) = -1. 
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Let us now assume that the statement is true for r ^ fc — 1 and consider the case 
r = k. By our assumption 

a(ci • C2) + cr(c3) + • ■ • + (T(cfe) ^ 2 - (fc - 1) = (2 - fc) + 1. 

Moreover, according to Lemma [^751 the element C1C2 cannot be of order 2. Hence 
by Proposition 15 . 21 we have cr(ciC2) = cr(ci) + 17(02) + 1- The last two equations 
imply that cr(ci) + • ■ • + cr(cfc) = 2 — fc. 
• We now consider the general case. The set 

{ai^hia^^b^^ , . . . , ag,bgag^bg^ , Cg+i, . . . ,Cg+i^+i^+iJ 

is a standard basis of an orbifold of signature (0 : 2g + lh,lp,le '■ PIt ■ ■ iPic)i hence 

g g+lh+lp+la 
i—1 i—g-\-l 

= 2-{2g + lh + lp + le) = (2 - 2g) - {h + Ip + Q- 

Properties[T]and[2]of TO- Arf functions imply that a{biaY^b^^) — cr(a^^) — —a{ai) 
and hence a{ai) + a{bia^^b^^) — 0. □ 



Definition 5.3. Let ar* : 7r(P, p) — > Z/toZ be the function associated to a lift 
r* as in Definition 15.11 then the function tir* = (^r'\-7T°{p,p) is an m-Arf function 
according to Lemmata l5.liim and l3.2l We call the function err* the m-Arf function 
associated to the lift T* . 



5.2. Higher Arf functions and autohomeomorphisms of orbifolds. Let F 

be a Fuchsian group of signature {g : pi, . . . ,pr) and P = H/F the corresponding 
orbifold. Let p ^ P. Let 'i> : M ^ P he the natural projection. Choose q £ ^'^^(p) 
and let $ : F — 5- 7r'^(P, p) be the induced isomorphism. Let F* be a lift of F in Gm- 
Consider the following transformations of a standard basis 

V = {ai,bl, . . . ,ag, bg,Cg + l, . . . , Cg + r} 

of tt" (P, p) to another standard basis 



^ — WlJ ^li ■ • • J "^gj ^gj ''g+l ■ ■ • ' ^g+r} 
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1. a'l = aibi. 

2. a\ = (aia2)ai(aia2)"\ 

b[ = (aia2)a5^^a2"^6i(aia2)~\ 

02 = 01020]^^, 

J,' J, -1 -1 

O2 = 0202 Qi . 

3. < = {b;'cg+,)b;\b-^Cg+,)-\ 

a'fe+i = (Cfe+iCfc)afc(cj:_^iCfe)"\ 

4+1 = ickliCk)bkickliCky^. 

5. 4 = Cfc+i, = Cj:_|iCfcCfe+i. 

Here Ci = [a^, &i] for i — 1, . . . , g, in A we consider fc £ {1, . . . ,g}, in 5 we consider 
k £ {g + 1, ■ ■ ■ , + such that ord(c/c) = ord(cfc+i). If a^, 6- resp. c- is not described 
exphcitly, this means a'^ = ai, b[ = bi resp. = 

We will call these transformations generalised Dehn twists. Each generalised 
Dehn twist induces a homotopy class of autohomeomorphisms of the orbifold P, 
which maps elliptic fixed points to elliptic fixed points of the same order. The group 
of all homotopy classes of autohomeomorphisms of the orbifold P is generated by the 
homotopy classes of generalised Dehn twists as described above (compare |Zie73) ). 

Now we will compute the values of an m-Arf function a on the standard basis v' 
from the values of a on the standard basis v for each of the generalised Dehn twists 
described above. 

Lemma 5.5. Let a : ■n^{P,p) — )■ Z/mZ he an m-Arf function. Let D he a gener- 
alised Dehn twist of the type described above. Suppose that D maps the standard 
basis V — {oi, 61, . . . , Og, 6g, Cg+i, . . . , Cg+r} "into the standard basis 

v' = D{v) = {a'l, &1, . . . , a;, 6^, 4+^, . . . , 4+ J. 

Let ai,l3i,ji resp. a[,l3[,^[ be the values of a on the elements of v resp. v' . Then 
for the Dehn twists of types 1-5 we obtain 

1. a[ ^ ai + f3i. 

2. I3[ = I3i - ai - a2 - 1, ^ ^2 - a2 - ai - I. 
3- a'g = -/3g, - 7g+i - 1. 

4. ftfc afc+i, = Pk+i, a'k+i = "fc, P'^+i = Pk- 

5- 7fc = 7fe+i, 7fc+i=7fc- 

Proof. We assume that the Dehn twist D belongs to one of the types described 
in the definition above. In the following computations we illustrate the position 
of the contours on the surface with figures showing the position of the axes of the 
corresponding elements in T. Let 

{Al,Bl, . . . , Ag,Bg, Cg + l, . . . , Cg + r} 
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Figure 6: Axis of BgAgBg ^ and fixed point of C^^^ 

be the sequential set corresponding to the standard basis v. In the first case ac- 
cording to Property |3] of to- Arf functions we obtain 

<T{a[) = f7(ai6i) — cr(ai) + a{bi). 

In the second case according to Property [T] we obtain 
a{a[) = a{{aia2)ai{aia2y^) ^ cr(ai), 
cr{b'^) — (T{{aia2)ai^a2^bi{aia2)^^) ~ a{a^^a2^bi) 
= a{ai{ai^a2^bi)a^^) — a{a2^b\a^^). 

The mutual position of the axes of the elements A^^ and BiA^^ is as in Figure [SJ 
hence Property |4] implies 

According to Property[3]we have a{biai^) — a{bi) + a{a^^). Thus using Property[2] 
we obtain 

a{b[) = cr(a^^) -|- -|- cr(a^^) - 1 = a{bi) - (7{ai) - a{a2) - 1. 

Similarly we show that cr(a2) = (7(02) and 17(62) ~ cr(62) — cr(a2) ^ o'(ai) — 1. 
In the third case we obtain according to Properties [2] and [T] 

a{a'g) = a{{b-'cg+^)b-\b-'cg+,)-^) = a{b;') = -a{bg), 

= '^iibg^Cg+lbg)Cgl^bgagbg^{bg^Cg+lbgy^) = (T (c^j j 6g Cg 6g ^ ) , 
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The actions of the elements Cg^i and BgAgBg ^ on H are illustrated in Figure HI 
According to Properties [4] and [T] we obtain 

'^{b'g) = ''(''all ■ C^gagbg')) = ^(c^+i) + 'y{bgagb-^) - 1 = aicgl,) + a{ag) - 1. 

In the forth and fifth case computations are easy, we only use Property [1] of m-Arf 
functions. □ 



5.3. Correspondence between higher Arf functions and hyperbolic Goren- 
stein automorphy factors. Let F be a Fuchsian group of signature {g : pi, . . . ,pr) 
and P = H/F the corresponding orbifold. Let p ^ P. Let ^E* : H — P be the nat- 
ural projection. Choose q € and let $ : F — > 7r°(P,p) be the induced 
isomorphism. 

Lemma 5.6. The difference ci — CT2 : Tr^{P,p) — ?• Z/mZ of two Arf functions cti 
and (72 induces a linear function i : Hi(P; Z/mZ) — ?• Z/mZ. 

Proof. The proof is analogous to the proof of the corresponding statement for higher 
Arf functions on Fuchsian groups without torsion (see Lemma 4.5 in [NP09) ). The 
main observation is the fact that according to Lemma 15.51 the action of the gen- 
eralised Dehn twists on the tuples of values of a higher Arf function on elements 
of a standard basis are by affine-linear maps, therefore the action on the tuples of 
differences of values of two higher Arf functions is by linear maps. □ 

Corollary 5.7. The set Arf^'™ of all m-Arf functions on 7r*'(P,p) has a structure 
of an affine space, i.e. the set {cr — CTq | (t G Arf is a free module over Z/mZ 
for any ctq G Arf . 

Corollary 5.8. An m-Arf function is uniquely determined by its values on the 
elements of some standard basis ofTr'^{P,p). 

Theorem 5.9. Let T be a Fuchsian group of signature (g : pi, . . . ,pr) and P = H/F 
the corresponding orbifold. Let p Cz P. There is a 1-1- correspondence between 

1 ) hyperbolic Gorenstein automorphy factors of level m associated to the Fuchsian 
group F. 

2) lifts ofT into Gm- 

3) m-Arf functions a : tt'^{P,p) — > Z/mZ. 

Proof. According to Proposition 12.41 there is a 1-1-correspondence between hyper- 
bolic Gorenstein automorphy factors of level m associated to the Fuchsian group F 
and the lifts of F into Gm . In Definition 15.11 we attached to any lift F* of F into 
Gm an m-Arf function trr* on P. On the other hand we can attach to any m-Arf 
function a a subset of Gm 

K = {ge Gm I Ag) e F, smig) = a($(7r(5)))}, 

where tt : Gm G is the covering map. It remains to prove that this subset of Gm 
is actually a lift of F. Let 

V = {ai,bi, . . . ,ag, bg, Cg+i, . . . , Cg+,.} = {di, . . . , d2g+r} 

be a standard basis of n{P,p) and let V — {<i>^^(di), . . . , ^^^{d2g+r)} be the cor- 
responding sequential set. Let {-Dj}j=i,...,23-i-r be a fift of the sequential set V, 
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i.e. Tr{Dj) ~ $ ^(dj), such that Sm{Dj) — <j{dj). Then we obtain according to 
Proposition 15.41 that 

g+r g+r 

Sm(Q) = ^ o-(ci) = (2 - 2^) - r mod TO, 

i=g+l i=g+l 

hence by Lemma 14.91 we obtain 

g g+r 

2—1 i—g-\-l 

This and the fact that for any z = 1, . . . , r 

Pi ■ SmiCg+i) + 1 = • o'(cg+,j) + 1 = Omod m 

imply according to Lemma l48l that the subgroup F* of Gm generated by F is a 
hft of F into Gm- Let us compare the corresponding Arf function err* with the Arf 
function a. We have 

for all j, i.e. the Arf functions or* and a coincide on the standard basis v. Thus by 
Lemma [5.61 the Arf functions txr* and a coincide on the whole Tr^{P,p). From the 
definition of err* and F* we see that this implies that F* = F* , hence F* is indeed 
a lift of F into Gm- It is clear from the definitions that the mappings F* M> trr* 
and (T M> F* are inverse to each other. □ 

Corollary 5.10. Let P be a Riemann orbifold of signature {g : pi, . . . ,pr). Let 
V — {oi, 6i, . . . , flg, 6g, Cg+i, . . . , Cg+r} ^6 B stttudard basis o/ 7r(P,p). An m-Arf 
function on 7r'^(P, p) exists if and only if the signature {g : pi, . . . ,pr) satisfies 
the liftability conditions described in Proposition \4-10\ Moreover, if the liftability 
conditions are satisfied then any possible tuple of2g values in Z/toZ can be realised 
in a unique way as a set of values on Oi, bi of an m-Arf function on 7r°(P,p), hence 
there are m?^ different m-Arf functions on Tr'^{P,p). 

Proof. The statement follows immediately from Theorem 1 5 . 9 1 and Proposition UTU] 

□ 

6. Moduli spaces of Gorenstein singularities 

We study the moduli space of Gorenstein quasi-homogeneous surface singularities 
(GQHSS). Using Proposition 12.41 we define the moduli space of GQHSS of level to 
as the space of conjugacy classes of subgroups F* in Gm such that the restriction of 
the covering map Gm G = PSL(2,M) to F* is an isomorphism between F* and 
a Fuchsian group F. The projection F* F from the moduli space of GQHSS of 
level TO to the moduli space of Riemann orbifolds is a finite ramified covering. 

6.1. Topological classification of higher Arf functions. There is a 1-1-cor- 
respondence (see Theorem 15. 9p between automorphy factors of level m and to- Arf 
functions on 7r°(P, p). This correspondence allows us to reduce the problem of 
finding the number of connected components of the moduli space of GQHSS of 
level TO to the problem of finding the number of orbits of the action of the group 
of autohomeomorphisms on the set of TO-Arf functions. We describe the orbit of 
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an m-Arf function under the action of the group of homotopy classes of surface 
autohomeomorphisms . 

Let P be a Riemann orbifold of signature (g : pi, . . . ,Pr)- Let p (z P. 

Definition 6.1. Let cr : 7r°(P,p) — > Z/mZ be an m-Arf function. We define the 
Arf invariant S = (5(P, cr) of cr as follows: If g > 1 and m is even then we set 
(5 = if there is a standard basis {ai, bi, . . . ,ag,bg, Cg+i, . . . , Cg+r} of the orbifold 
fundamental group tt{P,p) such that 
g 

^(1 - cr(a,))(l - cr(6,)) = Omod 2 

and we set (5 = 1 otherwise. If g > 1 and m is odd then we set S = 0. If g = then 
we set (5 = 0. If g = 1 then we set 

6 = gcd(TO,pi - 1, . . . - l,cr(ai),cr(6i)), 

where {ai, 6i, C2, . . . , Cr+i} is a standard basis of the fundamental group n(P,p). 

Remark. It is not hard to see that S does not change under the transformations 
described in Lemma 15.51 i.e. it is indeed an invariant of the Arf function. 

Proof. Let D, v, v', ai, Pi, ji, a[, f3[, ^[ be as in Lemma 15.51 Let us first consider 
the case g > \: For a Dehn twist of type 1 we have 

(1 - - P[) = (1 - («i + - 

= (1 - ai)(l - - /3i(l - pi) = (1 - ai)(l - /3i) mod 2. 

For a Dehn twist of type 2 we have 

{l-a',){l-P[) + {l-a'^){l-P'^) 

= (1 - ai)(l - /3i + ai + + 1) + (1 - a2)(l - h + ai + a2 + I) 

= (1 - ai)(l - /3i) + (1 - a2)(l - P2) + (2 - (ai + a2))((ai + ^2) + 1) 

= (1 - ai)(l ~ /3i) + (1 - a2)(l - P2) mod 2. 

For a Dehn twist of type 3, since m is even and pi ■ 7g+i + 1 = Omod m, we have 
that 7g+i is odd. Then 7g+i + 1 = mod 2 and 1 + /3g = 1 — /^^ mod 2 imply 

(1 - a'g){\ - P'g) = (1 + pg){\ -ag + (7,+i + 1)) 

= (1 + pg){l - ag) = (1 - pg){l ~ ) mod 2. 

Dehn twists of type 4 do not change 5 since they only permute {ak,Pk) with 
(afc+i, /3/c+i). Dehn twists of type 5 do not change 5 since they only permute 
li- 

Let us now consider the case g = 1: Dehn twists of types 2 and 4 involve 
pairs Oi, bi and a-,-, bj, i.e. they are not applicable in the case <? = 1. Dehn twists of 
type 5 do not change 5 since they do not change ai, Pi. For a Dehn twist of type 1 
we obtain a'^ = ai + /3i and P[ — Pi- Thus 

gcd(a'i,/3;) = gcd(ai +/3i,/3i) = gcd(ai,/3i) 

and therefore gcd(m,pi — 1, . . . ,pr — 1, a[, P[) — gcd{m,pi — 1, . . . ,pr — 1, ai. Pi). 
For a Dehn twist of type 3 we obtain a'l = —Pi and P[ — ai — "f2 — ^- Let c? be a 
common divisor of m,pi — 1, . . . ,pr — 1, ai, /3i, i.e 

m = ai = Pi = mod d, pi = ■ ■ ■ = pr = 1 mod d. 
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We know that pi • 72 + 1 = mod m, but m = mod d, hence pi • 72 + 1 = mod d. 
Since pi = 1 mod d, we obtain that 72 + 1 = mod d. Hence d is a common divisor 
ofm,pi — l,...,Pr — l,a'i = — /?J = ai — (72 + 1). Similarly every common divisor 
oi m,pi — 1, . . . ,pr — l,a[, /3[ is a common divisor of m,pi — 1, . . . ,pr — 1, ai, 
Thus 

gcd(m,pi -l,...,pr - l,a[,l3[) = gcd(m,pi - 1, . . .,Pr - l,ai,/3i). □ 
Definition 6.2. By the type of the m-Arf function (P, a) we mean the tuple 

{g,pi, . . . ,Pr,6), 
where S is the Arf invariant of a defined above. 
Lemma 6.1. Let a : ix^iP^p) — >■ TLjrnL he an ra- Arf function. 

(a) If g > 1 then there is a standard basis v — {ai,6i, . . . ,ag,bg,Cg-i-i, . . . ,Cg+,.} of 
tt{P,p) such that 



with ^ G {0,1}. If m is odd then the basis can be chosen in such a way that 
^ = 1, i.e. so that 



(b) If g = 1 then there is a standard basis v = {ai,6i,C2, . . . ,Cg+i} o/7r(P, p) such 
that {a{ai),a{bi)) — (6,0), where 6 is the Arf invariant of a. 

Proof. The proof is along the lines of the proofs of Lemma 5.1 and Lemma 5.2 
in ^NP09j . Using generalised Dehn twists of types 1,2 and 4 we can show that a ba- 
sis can be chosen in the desired way. The last step in the proof of Lemma 5.1 
in |NP09j was to show that if m and (T(cg+i) were even then we could trans- 
form a basis with {a{ai), a{bi), . . . , a{ag), a{bg)) = (0, 0, 1, ... , 1) into a basis with 
((T(ai), ct(&i), . . . , a{ag), cr(bg)) = (0, 1, 1, ... , 1). However in the situation we are 
considering now we know that a{cg+i) satisfies the equation pi ■ a{cg^i) -f 1 = 
modulo m. Therefore if m is even then cr{cg+i) must be odd. Hence this last 
reduction step is not possible in the case considered here. □ 

Theorem 6.2. A tuple t = {g,pi, . . . ,Pr,^) is the type of a hyperbolic m-Arf func- 
tion on a Riemann orbifold of signature {g : pi, . . . ,pr) if and only if it satisfies the 
following conditions: 

(a) The liftability conditions: The orders pi, . . . ,pr are prime with m and satisfy 
the condition 



(b) Ifg>l then 5 e {0,1}. 

(c) If g > 1 and m is odd then 6 = 0. 

(d) If g = 1 then S is a divisor o/gcd(m,pi — 1, . . . ,pr — 1). 

(e) lfg = then 6 = 0. 

Proof. Let us first assume that the tuple t is a type of a hyperbolic m-Arf function 
on a orbifold of signature {g : pi, . . . ,pr). Then according to CoroUarv 15 . 101 the sig- 
nature {g : pi, . . . ,pr) satisfies the liftability conditions, li g > 1 and m is odd then 



{cr{ai),a{bi),. . . ,a{ag),a{bg)) = (0, 1, . . . , 1) 



(cr(ai), (t(6i), . . . , cr(ag), cr{bg)) (0, 1, 1, . . . , 1) 
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according to Lemma EH] there is a standard basis {oi, 61, ... , a^, 6g, Cg+i, . . . , Cg+r} 
of tt" (P, p) such that 

{(T{ai),a{bi),...,a{ag),a{bg)) = (0,1,1,...,!), 

hence 5{P, ct) = by definition. If g = 1 then 5 is a divisor of m,pi — I, . . . ,pr ~ 1 
by definition. If g — then (5 = by definition. 

Now let us assume that t ~ {g,pi, . . . ,pr, S) satisfies the conditions (a)-(e). Let P 
be a Riemann orbifold of signature {g : pi, . . . and let 

{fll, 5l, . . . , Qg, bg, Cg+l, . . . , Cg^r} 

be a standard basis of 7r° (P, p) . According to Corohary I5.10[ any tuple of 2g 
values in Z/mZ can be realised as a set of values on ai,bi of an m-Arf function 
on 7r°(P, p). In particular if 5 > 1 then for any S G {0,1} there exists an m-Arf 
function such that {a^{ai),a^{bi), . . . ,a\ag),a\bg)) = (0, 1 - i5, 1, . . . , 1) and 
if g — 1 then for any divisor 5 oi m,pi — 1, . . . ,pr — 1 there exists an m-Arf function 
such that {a^ (ai) , {bi)) = (<5, 0). Let g > 1. If 5 = then the equation 

S{a^) = is satisfied by definition. If ^ = 1 and m is even, it remains to prove that 

a 

S{a^) = 1. To this end we recall that (1 ^ ^ '^(^i)) mod 2 is preserved 

1=1 

under the Dehn twists and hence is equal to 1 modulo 2 for any standard basis. 
Now let 5=1. Then S{a^) = gcd(m,pi — 1, . . . ,pr — 1,6,0) = 6 since (5 is a divisor 
of gcd(m,pi - 1, . . . - 1). □ 

6.2. Teichmiiller spaces of Fuchsian groups. We recall the results on the mod- 
uli spaces of Fuchsian groups from [ZieSlj . Let rg;^^....^^^ be the group generated 
by the elements v — {ai, bi, . . . ,ag,bg, Cg+i, . . . , Cg+r} with defining relations 

5 g+r 

n n = 1, C^Vl = • ■ • = C^+r = 1- 

i—1 i—g-\-l 

We denote by Tg.p-^_,,,^p^ the set of monomorphisms ip : Tg-p^^^^ ^^p^ — Aut(H) such 
that 

^P{v) = {at,bt,...,at,bt,ct+„...,c'^+A 
is a sequential set of signature {g;pi,... ,Pr)- For {g;pi,... ,pr) to be a signature 

r 

of a group of hyperbolic isometrics, we have to assume that ^ — < r -f {2g — 2). 

4 = 1 

The group Aut(H) acts on Tg.pi^...^p^ by conjugation. We set 

Tg;pi^...^p^ = Tg.pj^ ^ p^/ Aut(]HI). 

We parametrise the space Tg-p-^^,,,^p^ by the fixed points and shift parameters of 
the elements of the sequential sets tp{v). We use here the following analogue of a 
version [Nat 78) . |Nat04) of the Theorem of Fricke and Klein |FK65j : 

Theorem 6.3. The space Tg-p-^^__p^ is diffeomorphic to an open domain in 

jjj6g-6+2r 

which is homeomorphic to R^^^®^^*^. 
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For an element "0 : Tg-^p-^^,,,^p^ — > Aut(H) of Tg-^p-^^,,,^p^ we write 

Mod''' = Modg.p^ = {a e Aut{Tg.p^^...,p^) \ tp o a e fg.p,,...,p^}. 

One can show that Mod''' does not depend on ^, hence we write Mod instead 

of Mod . Let /Mod be the subgroup of all inner automorphisms of T g;p^^,,,,p^ and 
let 

Modg;pi,...,p,, = Mod = Mod//Mod. 
We now recall the description of the moduli space of Riemann orbifolds 

Theorem 6.4. The group Mod = Modg;pj^_...^p^ and the group of homotopy classes 
of orientation preserving autohomeomorphisms of the orbifold of signature {g : 
pi, . . . ,Pr) are naturally isomorphic. The group Modg;p^_..._p^ acts naturally on 
Tg-p-^,...^p^ by diffeomorphisms. This action is discrete. The quotient set 

can be identified naturally with the moduli space Mg-p-^,,,,^p^ of Riemann orbifolds of 
signature {g : pi, . . . ,Pr). 

6.3. Connected components of the moduli space. 

Definition 6.3. We denote by S""(t) = S"'{g,pi, . . . ,Pr,S) the set of all GQHSS 
of level m and signature {g : pi, . . . ,pr) such that the associated m-Arf function is 
of type t = {g,pi, . . . ,Pr,S). 

Theorem 6.5. Let t = {g,pi, . . . ,Pr,S) be a tuple that satisfies the conditions of 
Theorem \6.2\ i.e. the space S"^{t) is not empty. Then the space S™{t) is homeomor- 
phic to rg:pi,...,pr/ Mod™p^ pA^)' ^^here Tg-p-^^,,,_p^ is homeomorphic to ^^B-^+'^r 
and Mod™p^ p^X^) '^'^^^ '"^ '^g;pi,---,Pr '^■^ subgroup of finite index in the group 
Modg;pj^...,p^. 

Proof. Let us consider an element -0 of the space Tg-^p^^,,,^p^, i.e. a homomorphism 
■0 ■ ^ g:pi,....p-r ~^ Aut(]HI). To the homomorphism we attach an orbifold — 
H/'0(rg;pj^..._p^), a standard basis 

=0(w) = {af,6f,...,a^,6^,c^+i,...,c^+J 
of Tr(Pji;,p) and an m-Arf function on this surface given by 
{a^{at),a4bt))^{S,0) if g = l, 
{a^{af),a^{b'f),a^{at),cr^{bt), . . . ,a^{a^),(T^{b'^)) 
= (0,1 -,5, !,...,!) if g>l. 

By Theorem l5.9l the m-Arf function on the orbifold P^ corresponds to a lift of 
'^'{^ g;pi,...,Pr) into Gm- This correspondence defines a map Tg-^p^^,,,^p^ S"^{t). Ac- 
cording to Theorem 1121 this map is surjective. Let Mod^p^ p^{t) be the subgroup 
of Aut(P^) = Modg:pj....^p^_ that preserves the m-Arf function a^. For any point in 

5'™ (t) its pre- image in Tg-p-^ p^ consists of an orbit of the subgroup Mod™p^ p^ (t) . 

Thus 

S"'{t)=Tg,p,_pjModll^_p^{t). □ 
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Summarizing the results of Theorems 16.21 and 16.51 we obtain the fohowing 
Theorem 6.6. 

1 ) Two hyperbolic GQHSS are in the same connected component of the space of all 
hyperbolic GQHSS if and only if they are of the same type. In other words, the 
connected components of the space of all hyperbolic GQHSS are those sets S"^(t) 
that are not empty. 

2) The set S™{t) is not empty if and only if t — {g,pi, . . . ,pr, 6) has the following 
properties: 

(a) The orders pi, . . . ,Pr are prime with m and satisfy the condition 



(b) If g > \ and m is odd then S ~ 0. 

(c) If g = 1 then 5 is a divisor of gcd{m,pi — 1, . . . ,pr — 1). 
(d.) Ifg = then 6 = 0. 

3) Any connected component S^^{t) of the space of all hyperbolic GQHSS of level m 
and signature {g : pi, . . . ,pr) is homeomorphic to 



1) Higher Spin Structures on General Riemann Orbifolds: Combining the 
results in this paper on moduli spaces of higher spin structures on compact 
Riemann orbifolds with the results on moduli spaces of higher spin structures 
on Riemann surfaces with holes and punctures in |NP09] we obtain a description 
of moduli spaces of higher spin structures on Riemann orbifolds with holes and 
punctures. 

2) Q-Gorenstein singularities: A normal isolated singularity of dimension at 
least 2 is Q-Gorenstein if there is a natural number r such that the divisor r-ICx 
is defined on a punctured neighbourhood of the singular point by a function. 
Here ICx is the canonical divisor of X. According to [PraOTj . hyperbolic Q- 
Gorenstein quasi- homogeneous surface singularities are in 1-to-l correspondence 
with groups of the form C* x T* , where C* is a lift of a finite cyclic group of 
order r into Gm and F* is a lift of a Fuchsian group F into Cm- The lift of a 
finite cyclic group is unique, hence hyperbolic Q-Gorenstein quasi-homogeneous 
surface singularities are in 1-to-l correspondence with lifts of a Fuchsian group 
into Gm- Thus the moduli space of hyperbolic Q-Gorenstein quasi-homogeneous 
surface singularities coincides with the moduli space of hyperbolic Gorenstein 
quasi- homogeneous surface singularities as described in Theorem 16.61 

3) Spherical and Euclidean Automorphy Factors: For a spherical Goren- 
stein automorphy factor (CP^,F,i) the group of automorphisms is Aut(?7) = 
Aut(CP^) = PSU(2). The finite subgroups of SU(2) are the cychc groups, the 
dihedral groups and the symmetry groups of the regular polyhedra, i.e. the tetra- 
hedral, octahedral and icosahedral groups. The corresponding singularities are 
Afc, Dk, Eq, Ej, Es. For a Euclidean Gorenstein automorphy factor (C,F,i) 




M^«-^+^7Mod™^,...,,J0, 
where Mod^p^^ {t) is a subgroup of finite index in the group Mod, 
acts discretely on M^^^®^^'^. 



iff;pi,...,Pr 



and 



7. Concluding Remarks 
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the group F is contained in the translation subgroup of Aut(C) and can be 
identified with a sublattice Z • f + Z • t of the additive group C , where t e C 
and Im(T) > 0, see [Dol83b| . The corresponding singularities are Eq, Er, Es- 
All GQHSS other than Ak, -Dfc, Ee, E-j, Eg, Eq, Ej, Eg belong to the class of 
hyperbohc GQHSS, which is studied in this paper. 
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